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Abstract. We establish a product formula for Gromov-Witten invariants for 
closed relatively semi-positive Hamiltonian fibrations, with connected fiber, and 
over any connected symplectic base. Furthermore, we show that the fibration 
projection induces a locally trivial (orbi-)fibration map from the moduli space of 
f*"^ , pseudo-holomorphic maps with marked points in the total space of the Handl- 

ed ■ tonian fibration to the corresponding moduli space of pseudo-holomorphic maps 

5_l ' with marked points in the base. We use this induced map to recover the product 

formula by means of integration. Finally, we give applications to c-splitting and 
symplectic uniruledness. 



1. Introduction 

o. 

Ijy , We consider rational Gromov-Witten invariants (GW-invariants) of closed Hamil- 

tonian fibrations with connected fiber over any connected symplectic base. In a sym- 
plectic manifold (X, oj) with w-tame almost complex structure J, GW-invariants 
are given by counting the (algebraic) number of of unparametrized J-(pseudo)- 
holomorphic genus maps with I distinct marked points, representing a fixed spher- 
ical homology class A 6 H2 (X, Z) , and intersecting transversally I given cycles of X 
at the marked points. Roughly speaking, if Ai 0i i(X, A, J) denotes the moduli space 
■ of unparametrized (genus 0) J-holomorphic maps with / markings, (u, x\, xi), 

Q\ \ representing the class A, and if Mi, Mi are cycles in X representing given classes 

ci , . . . , q £ H* (X, Q) , then these invariants can be seen as the values of the multilin- 
ear homomorphism: 
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ci ® ... ® q h-> evf • (Mi x ... x M t ) 

the intersection pairing • being taken with respect to the evaluation at the marked 
^ I points: 

evf : M ,i(X,A,J) -»■ X 1 , (u,xx,...,xi) ^ (u(xx), ...,u(x n )). 

It is well known [IT], |18] . [22], that when the symplectic manifold is semi-positive 
the GW-invariants are generically well-defined Z- valued invariants of the symplectic 
manifold defined on H*(X), the singular homology of X modulo torsion. 

In the case where the Hamiltonian fibration is a product of two symplectic mani- 
folds, Ruan and Tian |22j . and shortly after Kontsevich and Manin [9], showed that 
when both the base and the fiber are semi-positive, the GM^-invariants of the total 
space are given by products of related GlV-invariants in the base and in the fiber, 
giving rise to splitting of the quantum product. A priori, we cannot expect for such 
a splitting to hold in the non-trivial case, as even the cup product may not split 
already. Nevertheless, one may still ask about the algebraic relations that can be 
established out of the invariants of the base, the fiber, and the total space. We give 
such a relation under some assumptions, in particular when the reference fiber of the 
Hamiltonian fibration is semi-positive relative to the total space. We now explain 
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in details the setting, our main results, and some consequences. 

Hamiltonian fibrations. By definition, a symplectic fibration is a smooth locally 
trivial fibration ir : P — > B with symplectic reference fiber (F,u), and which struc- 
ture group lies in the group of symplectic difieomorphisms of the fiber, denoted 
Symp(F, uj). It follows that each fiber Fj, := n~ l (b) is naturally equipped with a 
symplectic form w&. A symplectic fibration is Hamiltonian if the structure group can 
be reduced to the group Ham(i ? , u) of Hamiltonian difieomorphisms. By a result 
of Guillemin-Lerman-Sternberg [5J, this is equivalent to satisfying the following two 
conditions: 

(H\): P is symplectically trivial over the 1-skeleton, B\, of B; 
(H2): there exists a connection Hor T C TP with holonomy in Ham(i ? , uj), induced 
by a (canonical) closed 2-form r 6 f2 2 (P) extending the family {uib}b&B- 

The closed 2-form is usually refered to as the coupling form. Since B is assumed 
to be closed and symplectic, the existence of such a form is sufficient to give P a 
symplectic structure compatible with the family {u>b}beB by considering the form 

LOp )K := T + KTT*0JB, 

where k > is a real number chosen large enough so that ujp tK is non-degenerate. 
A simple example of such fibration is the trivial product of the base with the fiber. 
A less trivial class of examples is that of Hamiltonian fibrations over S 2 . These 
latter fibrations correspond (up to isomorphism) to homotopy classes of loops in 
Ham(F, uj). This direct connection with the fundamental group of Ham(i ? , uj) makes 
these objects particularly interesting from the point of view of symplectic topology 
as pointed out by Seidel [23] . 

Product formula. When the minimal Chern number of the fiber, Np, satisfies the 
following semi-positivity relative to P, 

(*) N F > -dimP-2, 

we give a product formula relating the rational GW-invariants of the base with the 
GVT-invariants of the total space, as suggested in [10]. In order to do so we equip 
the fibration P with an (almost) complex structure Jp, chosen compatibly with the 
fibration structure and a Hamiltonian connection. Concretely, Jp is uniquely given 
by the choice of coupling form r, an w^-tame complex structure Jp on B and a 
family of w^-tame almost complex structures Jb in F&. Such structures are said 
to be compatible with ir and t or just fibered. In the present formula we consider 
classes cf G H*(P), i = that are given by product classes cf cf , with 

cf E H*(B) and cf G H*(F), such that the following condition is verified for some 
integer < m < I: 

. . \cf=pt, fori = l,...,m 

lef = [F] for i = m + 1, I. 

Concretely, the classes in P are such that (up to multiplication by well chosen 
integers) their Poincare duals can be represented either by a submanifold of the fiber 
or by the preimage under tt of a submanifold in B. Let Pc denote the restriction of 
P along the image C of a smooth map from S 2 to B. This defines a Hamiltonian 
fibration over S 2 with coupling form given by the pull-back of r under the natural 
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inclusion tp c : Pc P. Set, 

B a := {a' G ^ 2 (P c ,Z)|^ c (y) = a}, 

where ip c is understood as the induced map in homology, and let i P F c : F Pc 
denote both the natural inclusion and its induced map in homology. The product 
formula is as follows: 

Theorem A. Let ir : P — > B be a Hamiltonian fibration with semi- positive fiber 
(F,oj) relatively to P. Let a G Pi2(P,Z) and suppose as '■= n*(o~) 7^ only admits 
irreducible effective decompositions for some Jb- Define cf , cf ,c[ as in fjgj) . Then 
for a generic fibered complex structure the following equation holds: 

(cf , ...,cf )q j = (cf , ...,cf )q j a ■ V] /ip C (cf),...,Lp C (cf)\ 

where C is a curve counted in (cf , ...,cf )q 3 ; ( j s - 

This formula states that the number ( ),f^ of curves above C is independent of 
the chosen C, which turns out to be essentially a consequence of (-Hi). Note that 
by Gromov's compactness the above sum is finite. It is even possible to simplify 
the expression of the formula by considering equivalence classes on the preimage 
7T * 1 (o~b) C H2(P,I^). More precisely, we say that o"i,o"2 G 7r i) T 1 (crs) are equivalent if 
and only if 

v(cri - <r 2 ) = = c"(cri - cr 2 ), 

where c v denotes the first Chern class of the vertical subbundle ker dir C TP. Let 
\o-\ag denote the equivalence class of a in the product formula. Note that, under the 
pull-back by ip c , any element in vt~ 1 (o'b) defines a section class in Pc (i.e a class 
projecting on [S* 2 ] under 7r*), and it is not hard to see that the preimage of [a\ aB 
under Lp c gives rise to an equivalence class of section classes in Pc- If o~c denotes 
this equivalence class, then the sum in the product formula disappears: 

(1.1) (cf , ...,cf )q X = (cf , cf )o 3 /, (Ts • (^°(cf), — , I^F C ( C f ))oj,a c ' 

Finally, we remark that the case o~b = leads to the Parametric Gromov-Witten 
invariants which are well known [I], [12]. 

An important issue in the proof of this theorem is establishing that the GW- 
invariants involved are generically and simultanuously well-defined. The irreducibilty 
hypothesis on o~b, which is realized by primitive classes, arises for transversality pur- 
poses. We make this more precise. In the present context, the projection it naturally 
induces a map 

7f : M 0t i(P,a, Jp) -)■ M 0t i(B,a B , Jb), ctb ■= tt*o". 

The issue is to realize generically both moduli spaces as smooth oriented manifolds 
together with preserving W. In the general context of a symplectic manifold (X, lo), 
it is well-known that the irreducible component, Mq ^X, A, J) of Mq^(X, A, J), con- 
sisting of simple maps, i.e maps u that are somewhere injective (there exists a point 
zq G S 2 such that du(zo) is injective and m -1 ^^)) = zo)) is actually an oriented 
open manifold of finite dimension for a generic choice of cj-tame structure J (see 
[T7] , [20] ) . Here we cannot directly apply this result since tame complex structures 
of the total space do not coincide with fibered complex structures. Nevertheless, 
generalizing a result of McDuff and Salamon in the case of Hamiltonian fibrations 
over Riemann surfaces [E] we prove that: 
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Theorem B. Suppose ap 7^ 0. There exists a second category subset, Jp^eg, of 
fibered almost complex structures such that for every Jp 6 Jp^eg 

1) the subset A4q*[(P, o~, Jp) of A4qj(P, a, Jp) consisting of simple maps that project 
to simple maps under If , and the moduli space M.* Q t (B, ap, J B ), « r e open oriented 
manifolds. 

2) for any countable set Z of elements in .Mq ^B, as, Jb)> f or every u E Z, the 
preimage 7f _1 (ti) is an open oriented manifold. 

The dimensions of the manifolds in 1) are respectively given by the indices of the 
linearizations, D p and D B , of the Cauchy Riemann operators dj p and dj B , while 
the dimension of the moduli space in 2) is given by the index of D v , the restriction 
of D p to vector fields along the curves that are vertically valued. The proof of 
Theorem B is based on the relation 

Consequently, it induces a submersion of Fredholm systems (see Section 2) between 
the Fredholm systems relative to the operators dj p and dj B , as defined in [2] . From 
this we derive an exact sequence 

-»■ ker D v -> ker D p -»■ ker D B -»■ coker D v -> coker D p -> coker D B -»■ 0. 

The result then follows by ensuring that the cokernels vanish, at least at the level 
of the universal moduli spaces, for example the irreducibility hypothesis on ap en- 
sures that the last term of the sequence vanishes. It is worth pointing out that 
without this assumption standard transversality may fail a priori, due to multiple 
coverings as shown in |18j . The remaining obstructions are dealt with by perturb- 
ing the Hamiltonian connection as in [IT]. More generally, W extends to a map, 
still denoted W, between the compactifications Mqj{P, a, Jp) and Mo,i(B, ap, Jp) 
of the moduli spaces. These compactifications are stratified spaces for which the 
strata can be represented by stable stratum data S, as pointed out by Kontsevitch, 
that is, by connected trees with tails together with an effective decomposition of the 
represented second homology class. We can repeat the arguments above for each 
stratum M.s P {P) mapped to a stratum M.$ B (B) under W, in order to show that 
transversality is generically realized for the irreducible elements in Ms p (P) when- 
ever A4g B (B) does not contain reducible elements. Then condition Q ensures that 
the "boundary" of the compactified moduli spaces above, given by lower strata, have 
codimension at least 2 with respect to the top stratum consisting of simple maps. 

Remark 1.1. At this point, it is worth mentioning that the restriction to the genus 
case is not essential. Although we have not treated the case of higher genus curves, 
all the results should still go through with minor modifications, except regarding 
the applications to c-splitting and symplectic uniruledness below. 

Another noteworthy observation, is that the restrictions on ap and the relative 
semipositivity conditions are only of technical order. It is believed that those ad 
hoc hypothesis can be avoided by using virtual perturbations (see [2], [13], [21] . 
[25]). which have been developped in order to deal with transversality issues for 
general symplectic manifolds. Removing these assumptions, is part of a joint work 
in progress with Shengda Hu. 

Fibration structure. It is natural to ask about the structure of the map 
W: M 0i i(P,a,J P ) ^Mo,i{B,o- b ,Jb)- 
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In particular, it would be interesting to understand when W is a fibration, at least 
above the top stratum of the target space. When this is the case, we can recover 
the product formula using integration over the fibers of W (see Section 5). Assum- 
ing the linearized operators involved in the exact sequence above are all surjective, 
it follows that the restriction of W to Moj(P,a, Jp) is a smooth submersion onto 
A4qj(B ,<jb, Jb)- However, this map is not proper. This latter condition is impor- 
tant, as one can easily construct a smooth submersion which is not proper and which 
does not induce a fibration structure. To solve this problem, we consider the fiber- 
wise compactification of W. The properness issue then "disappears" but at the cost 
of losing the obvious smooth structure. Nevertheless, Chen and Li recently showed 
in the general case of a symplectic manifold (X,u), that one can define a smooth 
orbifold atlas on A4qj(X, A, J), where the charts are given by gluing maps [2]. There 
are many variants in the gluing of pseudo-holomorphic spheres procedure (see [2], 
|14j . |17] . |21j . [24] . among others), which appears naturally in Gromov-Witten the- 
ory, as well as in Floer theory. The approach followed in [2] is to use balanced curves 
in order to define a natural slice for the action of the group of reparametrizations of 
S 2 , PSL2(C), reducing the action of this latter non-compact group to that of S l . 
As a consequence, they obtain gluing maps which are well-defined after quotient by 
the reparametrizations. Adapting their ideas to the Hamiltonian fibration case, we 
construct gluing maps Gl p and Gl B satisfying 

7f o Gl p = Gl B O 7f . 

Under some transversality assumptions for a given fibered almost complex structure 
Jp on P, realized by projective fibrations over projective space (as described in 
(|6.2p ). we obtain the following: 

Theorem C. The moduli spaces Mo i(P,a, Jp) and Mqj(B, o~b, Jb) ar e smooth 
orbifolds, and the map tt restricts to a smooth locally trivial fibration (of orbifolds) 
above each stratum of M.o,i(B,ctb, Jb)- Moreover, the product formula can be recov- 
ered using integration over the fibers ofW above the top stratum of Mq i(B,as, Jb)- 

Applications. In 1997, Seidel defined in [23], a representation of the space of 
Hamiltonian loops of a given symplectic manifold in the automorphism group of the 
corresponding quantum homology. Lalonde, McDuff and Polterovich have shown, 
under the relative semi-positivity assumption, that the rational cohomology of the 
total space splits as modules for any Hamiltonian fibration over S 2 [llj. McDuff 
removed the semi-positivity assumption using virtual techniques [15] . In general, 
we say that a fibration is rationally c-split if 

H*{P; Q) ^ H*(B; Q) ® H*(F; Q) 

as modules. This splitting is realized when the inclusion Lp : F^-P induces an 
injection in rational homology, and if, in addition, the second page of the Leray- 
Serre spectral sequence splits. More generally, Lalonde and McDuff conjectured that 
every Hamiltonian fibration verifies the c-splitting property [TO]. They showed that 
this splitting property holds for a large panel of Hamiltonian fibrations, in particular 
for Hamiltonian fibrations over CP n . The proof they give can be seen as a simple 
consequence of the product formula (when (j*j) is satisfied), and of the invertibility 
of Seidel's morphism [11] , [23] . 

Another consequence is the symplectic uniruledness of Hamiltonian fibrations 
over rationally connected bases. As defined in [6], a symplectic manifold (X,u) is 
(symplectically) uniruled if there is a non vanishing GW- invariant with at least one 
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point as a constraint. In other words if there exists A G H2(X,Z) and homology 
classes c 2 , ...,cj G H*(X) such that: 

(pt,c 2 ,c 3 , ...,ci)q j1)A ^ 0. 

A symplectic manifold is rationally connected if there is a non-zero GW-invariant 
involving 2 point insertions [6J, i.e the equation above is still true with C2 = pt. In 
summary: 

Corollary. Let it : P — >• B be a Hamiltonian fibration. Assume B is rationally 
connected with respect to a class, o~b G H 2 (B; Z), verifying the hypothesis of Theorem 
B. Then, P is c-split and symplectically uniruled. 

Proof: Let C be the image of a map counted in {pt,pt, c%, cf)^ aB / 0. As 
already mentioned, Pc is a Hamiltonian fibration over S 2 , and by a result of Lalonde, 
McDuff and Polterovich, for every a G H*(F) there is an equivalence class a' 
of section classes in Pc, as well as an element b E H*(F), such that: 

0^(4 o (a),L^(b))^ al = (^(a),^(6),^([F]),...,^([F])) %„ 

where the last equality is a consequence of the Divisor axiom. Applying the product 
formula, as given in (jl.ip . we conclude that: 

(1.2) (^(a),^(b),^(ci),...,n~HcF)^ nP {a) ? 0. 

Hence, by taking a = pt we obtain that P is uniruled. Now, suppose ir is not c-split. 
Then there exists a G H*(F;Zi) in the kernel of t£. Therefore, the GW-invariants 
having t^(a) as an entry, must vanish. But this would contradict (|1 .2H . □ 

The proof of this corollary indicates, that unless we have a good knowledge of 
Seidel's morphism, the number of point insertions should a priori decrease. Still, as 
a result, every Hamiltonian fibration over (CP n ,u>fs) is c-split and uniruled, where 
ujfs is the standard Kahler form on the complex projective space. The same applies 
for Hamiltonian fibrations over (S 2 x S 2 ,uj®uj) since in that case there is only one 
curve representing the diagonal and passing through two points. 

The paper is organized as follows. Section 1, introduces the basic ingredients 
needed. We also define a particular affine connection on P, whose torsion is given 
by the symplectic curvature associated to the coupling form. In Section 2, we de- 
scribe the linearization of the Cauchy-Riemann problem associated to the fibered 
almost complex structures. It is shown that the linearization is compatible with the 
projection ir. Then we prove the structure theorems in Section 4, ensuring the GW- 
invariants are well-defined. In Section 5, we give the proof of the product formula. 
The Section 6, is devoted to showing the locally trivial smooth (orbi-)fibration struc- 
ture of 7?. We then recover the product formula using integration over the fibers of 
W. We conclude by giving an example of a non-trivial induced fibration of moduli 
spaces. 
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with them. I should also thank Dusa McDuff for bringing symplectic uniruledness 
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2. The framework 

In this section we set the basic notions that will be needed in the rest of the paper. 
We recall that symplectic and Hamiltonian fibrations are classified by BSymp(i ? , up) 
and BHam(F, ojf), respectively. Again, for b £ B, let ujb be the induced symplectic 
form on the fiber := 7r _1 (6). For the sake of clarity, we begin by recalling the 
notions of Hamiltonian connections and coupling form. This exposition follows [5] 
and [17] , where the proofs of all the claims can be found. 

2.1. Hamiltonian connections and coupling form. Consider the vertical sub- 
bundle, Vert C TP, over P, whose fiber at each point, p £ P, is given by the 
subspace Vert p := kerdir(p). A connection on the fibration, ir : P — > B, is defined 
by a splitting of T p P for each p £ P: 

T p P = Hor(p) Vert p , 

where Hor(p) is called the horizontal plane at p. The notations, X h and X v , will 
refer to the horizontal and vertical parts of a vector field X on P, with respect to 
the above splitting. Also, given a vector field X on B, we will denote by X its 
horizontal lift to TP. Now, let R denote the the symplectic curvature associated to 
the connection. This is the 2-form on B with values in Vert, such that for v and w 
two vector fields on B: 

R(v,w)(p) := [v,w] v (p), p £ P. 

Any closed extension 2-form t of defines a connection with horizontal planes: 

Hor T (p) := {v £ T p P \ t(v,w) = Vw £ Vertp}. 

In fact, any form r' £ Q 2 (P) such that ker(r' — r) is in Vert, defines the same 
horizontal plane field. Nevertheless, a specific choice can be made by requiring that: 

7T,r n+1 = J r n+1 =0. 

Such t is called coupling form associated to the connection, and its values on pairs 
of horizontal vectors is determined by the curvature of the connection: 

-oI(t(p)(v,w)) := L(R(dn(p)v,dn(p)w)(p))u n (p)(p). 

This results from the fact that the holonomy of the connection is Hamiltonian. 

For transversality purposes we will need to allow the connection to vary. For 
b £ B, let Cq (F( ) ) denote the space of smooth functions on having zero mean 
value. We will consider Hamiltonian deformations of the coupling form r. By this 
we mean exact deformations, 

t# := r — dH, 

where H is a section in C°°(7r*T*i?), i.e H p is a cotangent vector in T^r p \B, and it 
satisfies the property that for fixed b £ B and X £ T^B the function Hb xip) '■= 
Hp(X) belongs to C °°(F 6 ). The subset of C°°(n*T*B) having this property will be 
denoted by %. By definition, th is a closed extension 2-form of up, and one verifies 
that its associated horizontal distribution is given by: 

Hor TH (p) = {v- Xfi p{v) (p) | v £ Hor T (p)}, p £ P, 

where X^ , ^ denotes the (unique) Hamiltonian vector field on F^^ induced by the 
function H p (v). 
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Remark 2.1. Since we are working with functions having zero mean value, tjj is 
nothing else but the coupling form associated to Hor TH . Also, observe that the 
symplectic curvature changes under exact deformation. 

2.2. Almost complex structures. An almost complex structure J on a symplec- 
tic manifold, (F,uj), is a smooth section of the bundle of endomorphisms of the 
tangent space of F, such that: 

VpeF, (J( P )) 2 = -id TpF . 

Let J(F) denote the set of almost complex structures on F, and let Jf = J(F, u) 
be the subset of J(F) consisting of u-tame almost complex structures, i.e such that 
«/•) is positive definite. A choice of such a J, gives TF the structure of a complex 
fiber bundle. Let cJ F G H 2 (F, Z) denote the corresponding first Chern class. Since 
Jf is contractible and non-empty [17] . this class is well-defined, and does not depend 
on our choice of compatible almost complex structure. Let ir : P — > (B,ujb) be a 
Hamiltonian fibration with fiber (F,uj), and coupling form r. 

Definition 2.1. An almost complex structure Jp G J(P) is compatible with it and 
t, or fibered, if and only if there exists Jb G J(B,ujb) such that: 

• dir o J P = J B o dir, 

• J b := Jp\ Fb G J(F b ,u b ) for all b G B, 

• Jp preserves the horizontal distribution induced by r. 

We denote by J(P, t, ir) the set of such almost complex structures. 

Each fibered almost complex structure determines a family {Jb}beB of uj b -tame 
almost complex structures. Let J v = J v {P, ir, u) denote the set of almost complex 
structures of the vertical subbundle which are Covtame on each fiber F b . Also, let 
c v G H 2 (P,7j) be the corresponding first Chern class. Conversely, for any J G J 
and Jb G Jb-, there exists a unique fibered structure Jp extending J and defined as 
the horizontal lift of Jp on the horizontal distribution. Furthermore, when deforming 
the coupling form using H G H, the unique extension of J that projects on Jb and 
that preserves the distribution induced by th is given by: 

Jp(p)(v) = Jp(p)(v) + J(p)X H ^ p)(7TtpV) - X H7T(p){ j B{7T{p))7TiipV) , p£ P, 

where v G T p P. Let Jp = J(P,it) denote the union of the J(P,it,th) over all 
deformations th of a given coupling form r. We have: 

Lemma 2.2. The space Jp is parametrized by the product Jb x J v x %. 

The above isomorphism is given by the choice of r. In fact, the dependance is on 
the factor % corresponding to affine space of Hamiltonian connections. The choice 
of t simply fixes the origin. 

Remark 2.3. Note that, for any family {J b }beB G J and any given Jb, we can 
find a positive k£K such that Jp is wp-tame for up = r + ktt*ujb- 

2.3. A specific affine connection. Fix a coupling form r. We define an affine 
connection on TP, extending the vertical Levi-Civita (L-C) connection introduced 
in [IT] (Chapter 8), and lifting the L-C connection on TB. This construction will 
be needed in order to relate the linearization of the Cauchy-Riemann associated 
to Jp = (Jb,J,H) G Jp, to the linearization of the Cauchy-Riemann operator 
associated to Jb (see Section 2). First, let gj p be the hermitian metric on P defined 
as 

9Jp ■= 9 J @K*gj B , 
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relatively to the splitting TP = Vert © Hor T[I , where 

9J B := \(u B {; Jb-) ~ ub(Jb-, ■)), 

and gj := {gj b }beB is the analogous family of Hermitian metrics on Vert. Let V 
denote the L-C connection on TB relatively to gj B . Also, set S7 F to be the L-C 
connection on TFb, with b £ B, relatively to gj b . For any vector fields X and Y on 

P, set 

V X Y := [X\YT + V$Y* + [X\Y h ] h + (Vf^ h vr,^). 

This operation is clearly bilinear in X and Y . In fact, the sum of the first two terms 
corresponds to the vertical L-C connection, V B , which is the unique connection 
on Vert induced by the Hamiltonian connection and which restricts to the L-C 
connection on F. The remaining part is what is needed to extend this vertical 
connection to an affine connection on P lifting the L-C connection on B, which 
torsion T is given by the symplectic curvature: 

T(X, Y) = -R(X, Y) = [X h , Y h ] v , X, Y £ X(TP). 

We show below that V is indeed a connection. Since V is a connection, it suffices 
to show that for / £ C°°(P) and £ £ Hor T , and any w £ TP: 

V to /£=K/))(£) + /V^ , V /W £ = /V tt £. 

Suppose that w is vertical. Then, by definition: 

v w fc = [w,m h = f[w,c] h +w(m. 

Analogously, we have = f[w,£\ — £(f)w, implying that 

tfw,Z] h = f[w,£] h 

since w is vertical. Now, suppose that w is horizontal. Let at, t £ (— e, e) be the 
flow of w starting at p, and let P^ (^* p w p ) denote the parallel transport along the 
projected curve n(at)(p). Then, 

(/(a<M)J > , B (T.,«vK,, w {)£ = dj(p)w( + f(p){V„0 P , 



(V„«) p , 



t=0 



where the first equality is given by linearity of the parallel transport in B. We 
further have that 



d 



(Pt B (-K* P f(p)™ P )K* at(p) O h p 



I ^ 



(P t B (** p w p )Tr* h P 

t=0 



dt 

for some reparametrization tjj(t) of the interval, so that finally we have fV w ^. 

Remark 2.4. Note that V u may not preserve the metric gj along horizontal direc- 
tions, whereas V™ = V v — ^J(V V J) does (|17|. Lemma 8.3.6). Furthermore, given 
any vector fields w, £i and £2 in TP, one can show that (V w g)(£i, £2) coincides with 
(V w hg)(£,f, £f)- -^ follows that the Jp-preserving connection V := V — ^Jp(VJp) 
preserves gj p . 

Let exp stand for both the exponential maps with respect to V and V B . The 
following straightforward identities will be useful in the gluing section: 

Lemma 2.5. For p £ P, X £ T p P and q £ P in the injective radius of exp p; we 
have 

(2.1) vr(exp p X) = exp n{p) ir* p X, vr* p exp" 1 ^) = exp^vr (<?)). 
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□ 

2.4. Curve independance. From (Hi) in the characterization of Hamiltonian fi- 
brations we deduce the following lemma, which plays a crucial part in the proof of 
the product formula: 

Lemma 2.6. Let ir : P — > B be a Hamiltonian ftbration as above. Assume we have 
ui,u 2 e C°°(S 2 ,B) such that [ui(S 2 )] = [u 2 (S 2 )]. Then the restricted bundles P\ m 
and P\ U2 are isomorphic as Hamiltonian bundles. 

Proof: If B is simply connected then it follows directly from Hurwicz isomorphism 
between ir 2 (B) and H 2 (B,'Z). Assume B is not simply-connected. As Ham(F, u) is 
connected, any classifying map for P, say /, factorizes up to homotopy through a 
map /' : BjB\ — > BHam(F, oj). In other words, if ttb 1 denotes the projection from 
B to B/Bi, the maps / and /' o n Bl are homotopic. Let P' := (f')*EH.&m(F, oj) 
and consider 

u[ := vr Bl o m, u 2 := ttb 1 ° u 2 . 

These two maps represent the same homology class ttb u {o~b) £ H 2 (B / B±;Z), hence, 
u[ and u' 2 are homotopic so that: 

p \ ui = «Y pl = (u 2 )*p' = p\ U2 ■ 

□ 

3. The Cauchy-Riemann Fredholm problem in Hamiltonian fibrations 

Let jo denote the complex structure on S 2 = C U {oo} inherited from the multi- 
plication by i := \/— 1. In a general symplectic manifold (X,lo) with w-tame almost 
complex structure J, a rational J-holomorphic sphere is a smooth map, u : S 2 — > X, 
satisfying the Cauchy-Riemann equation, 

dju := -(du + J o duo j ) = 0. 

The set of all such solutions representing a given class A G H 2 (X, Z), 

M(X, A, J) := {u £ C°°(5 2 , X)\dju = , [u(S 2 )] = A} , 

is the moduli space of parametrized J-holomorphic maps representing A. Consider 
the Frechet space, 

B X (A) := {u e C°°(S 2 ,X)\[u(S 2 )] = A} , 

and the space 

£x(A,J)= □ S X , U (J):= □ C^(A /(S 2 ,u*TX)). 

ueBx(A) ueBx(A) 

The obvious projection from Sx(A,J) to Bx{A), defines a locally trivial bundle 
between Frechet spaces. Then, dj is a section of this bundle, and M(X, A, J) is 
the corresponding zero set. The linearized operator of dj at u 6 M(X, A, J) 
is defined as the differential of dj at u composed with the projection on the fiber 
£x,u(J)- To give a meaning to this vertical projection outside of the zero section, 
we consider the Hermitian connection on £x(A, J), 

V x : = V x - 1/2(J(V X J)), 
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where V is the L-C connection on X with respect to the metric gj. Then, 
D* :X XjU :=C™{S 2 ,u*TX) -> S X , U {J) 

£ ' y Vf9 J (n) = (Vi)°' 1 e-ij(n)(Vf J)(dju), 

where (V"^) ' 1 is the J anti- linear part of V^. It is well-known that is Fredholm 
for u G Ai(X, A, J). Moreover, if dj is transversal to the zero section, then the 
moduli space is a smooth finite dimensional oriented manifold |17j . [22j . 

Now, let 7r : P — > B be a Hamiltonian fibration with coupling form r, let Jp be 
a fibered complex structure relatively to r, and let a G H2(P, Z). The connection 
V we constructed induces a splitting of the tangent space of £p{o~, Jp) at all points, 
and projection to the fiber direction can again be defined. Hence, the linearization 
of dj p can be defined for all u 6 Bp(a). Note that V is not Levi-Civita since 
its torsion is given by the symplectic curvature. This is what gives rise to the extra 
curvature term in the following expression for D^: 

Lemma 3.1. Let u G B P {a) and £ G C°°(S 2 , u*TP). Then, 

D P A = (V^) '^ - ^Jp(n)(V 5 Jp)(9 Jp u) + R^{du\t h ), 
where V 0,1 and R°> , respectively stand for the Jp anti-linear parts of V and R. 

Remark 3.2. When £ is vertically valued the curvature term disappears and we 
recover the vertical linearized operator introduced by McDuff and Salamon (|17j. 
Chapter 8). In the rest of the paper we will designate by D v the restriction of D p 
to vertically valued vector fields. 

3.1. Splitting of Fredholm systems. Since we consider fibered almost complex 
structures on P, the projection ir naturally induces a map, 

7r : M(P,a,Jp) M(B,(tb,Jb), u^tt(u), 

where op '■= tt*ct. As we will see, 7r induces a submersion between the Fredholm 
system (Bp(a), £p(cr, Jp), dj p ) and {Bb{o~b)-,£b{o~b-, Jb),9j b ). We recall the notion 
of Fredholm system as given in [2] . 

Definition 3.1. A Fredholm system of index d is a triple (B,£,s) such that: 

(F\) £ is the total space of a Banach fibration over a Banach manifold B, with 
projection p, 

(F2) s : B — > £ is a section such that, for all x G s _1 (0), the linearization 
L x : T X B — > £ x := 7r -1 (x) of s at x, is Fredholm of index d. 

When, in addition, s is proper, we say that the system is compact. 

We call the set, s _1 (0), the moduli space of the system. 

Example 3.3. Let (X,u) be a general symplectic manifold with A G H2(X,7j) and 
co-tame almost complex structure J. Fix an integer p > 2. For u G Bx(A) we 
respectively equip Xx,u and £x,u(J) with W 1,p (Sobolev) and LP norms (relatively 
to the metric gj and a fixed volume form on S 2 ). Explicitly, given £ G Xx, u and 
r] G £x,u( J ) : 

Uh,P = (f dtlgj + |V£IL)*^) " , \\v\\p = (J W gj dvol s *\ " . 
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We denote by X x P u an( ^ ^Xu(^) ^ e completed vector spaces with respect to these 
norms, and by B X P (A) and£ x (A,J) the corresponding completions of Bx(A) and 
£x(A,J). Under these completions, is Fredholm so that the triple, 

(B l /(A),£ x (A,J),dj), 

satisfies conditions (Fx) and (F2). This Fredholm system will in general not be 
compact. 

Next we define the following natural notion of morphisms between two Fredholm 
systems (B,£,s) and (B',£',s'). 

Definition 3.2. A map II := (7r,7f) : (B,£,s) — >■ (B',£',s') between Fredholm sys- 
tems is a Banach orbifold vector bundle morphism, i.e 

tt-.B^B', W:£^£', 

such that 

i) s' O TT = W O s 

ii) L'>\ o dir(x) = dW(x, 0) o L x , for every x G s _1 (0). 
We say that II is a submersion if, furthermore, dir and dW are surjective. 

When II is a submersion, we directly extract the following exact sequence: 
(3.1) kerL" >— > ker L x — > ker L' n ^ — > coker L x — > coker L x -» coker L'^/ X y 

where L" x stands for the operator L x restricted to ker dir(x). From exactness of this 
sequence we deduce splitting at the level of operator indices, i.e for every x 6 s _1 (0): 

Ind(L x ) = Ind(L'^ x) ) + lnd(L" x ). 

Obviously, if both L" x and L'^,-. are unobstructed (i.e their cokernels vanish), then 
L x is also unobstructed. As a result, ker L x is isomorphic to ker L" © ker L', % (upto 
a choice of a section from ker V , % to ker L r ) . 

ir(x) x / 

Definition 3.3. A submersion IT between Fredholm systems is a splitting, if the 
sequence \3.1\ is obstruction free, i.e if for all x G s _1 (0): 

coker L" x = coker L x = coker L n , x \ = 0. 

3.2. Splitting of Fredholm systems in the Hamiltonian fibration case. 

Here, we show that a Hamiltonian fibration tt : P — > B together with a coupling 
form r, induce a submersion between the Fredholm systems (Bp (a), £p(cr, Jp), dj p ) 
and (B B (a B ),£ B (a B , J B ),dj B ). In fact, tt induces the maps: 

tt : Bp (a) -> B B (a B ), /^tto/, 

and 

W:£p(a,J P ) — >£ B (a B ,J B ), V ^ 7T*(t/). 
That 7r induces a submersion between Fredholm systems can then be summarized 
as follows: 

Lemma 3.4. The following diagrams are commutative: 

£p(cr, J P ) — £ B (a B , J B ) £p, u (Jp) ' ^> £b,tt{u)(Jb) 



dj P 



dj B 



D 



Bp(a) - — *- Bb(o-b) Xp, u — — »- Xb,tt(u) 



A PRODUCT FORMULA FOR GROMOV-WITTEN INVARIANTS. 13 

Proof: For the left handside diagram, commutativity follows from the fact that Jp 
is fibered. Thus, -it maps (<9j p ) _1 (0) into (<9j s ) _1 (0). We prove that the second 
diagram commutes. Namely, we show that for every £ G X(u*TP): 

This is a consequence of the following three identities: let £ and X be vector fields 
on P, and let p £ P, then 

(i) TT*[e,JpX h ] = J B TT^,X% 

(ii) 7T*(V e J P ) p X = (V^J B )^ p) (7r*X), 

(iii) tt.CVJIO = (V£ d J 'V£-7r^ J >))'>,ef ■ 
Assuming these are verified we obtain that: 

vr^ZU = (Vf^/'W " vr*P Jp (n))\rf - \j B {* o u)(V£ € J B )(7r,0 Jp u), 

since V^£" and R 0,1 (du,^) are vertically valued. Moreover, since ir^djpU = dj B up 
it only remains to show that: 

But, if (dj p u)(z) h 7^ for some z, consider the horizontal lift X of (<9j B (-7r(/u)))(z), 
which is defined on T(tt~ 1 (u(z))), and agrees with (dj p u)(z) h at Then, 

i(dj P (u)) h ,eUz) = (x,eu z) , 

where the right handside vanishes since X is constant along vertical directions. 

Now, equality (i) follows by definition of the bracket, by holomorphicity of the 
projection, and since the flow of a vertical vector field starting at a point p remains 
in the fiber above ir(p). Equality (ii) is just a consequence of (i), since this latter is 
equivalent to 

[e,jpx h ] h = j P [c,x h ] h , 

which by definition of V is the same as: 

V^(J P X h ) = J P V^(X h ). 

Hence, (V^ Jp)(X h ) = 0, which, combined with the fact that the connection is 
vertically valued when its two entries are in Vert, gives us the second equation. 
For (iii) we have that: 

V °«? = \^^u + J P {u)V^du o jo)) - &\du,Z). 

Hence, by definition of the connection and because the curvature is vertically valued, 
we get 

27T *(^dtO = K*V£du + JB(ir(u))Tr*Vz(duo j ) 

= V^d(7r o u) + 7r*[f , (du) h ] h + J B (7r(u))V^d(7r O u) O j 

+J B (n(u))n*ie,(duoj ) h ] h 

= Vf (7rou)7 r4 + ^B(7r(u))Vf (ffOtt)oj0 7r,e + ^[C, {du) h + J P {u){du o j ) h ] h 

= 2(Vf (7rou) )°' 1 7r4 + 2{d Jp {u)f] h , 

where the third equality is due to (i) and the fact that V B is torsion free. The last 
follows since Jp preserves the horizontal distribution and the vertical subbundle. □ 
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The symplectic connection on P induces the splittings: 

£ P , U = T(A / p (S 2 , U *TP h )) T(A°j^S 2 ,u*TP-)) =: £% U {J P ) £ P}U {J P ), 

and 

x P , u = r(s 2 ,u*TP h ) e r(5 2 , u*tp v ) = x^ u e x$ tU . 

In this splitting, takes the following matrix form: 



(3.2) 

where L u is linear and given by: 



(3.3) L u : — > 5ji u , £ ^ -ij(n)(V 5 J)(9 Jp n)^ + R°'\du h ,0- 
Thus, applying the diagram ()3. 1 j) . we obtain the exact sequence: 

(3.4) ker D v u >-» ker Z?£ -> ker £>f (u) coker D v u -> coker ^> coker £>f (u) 

where the connectant is given by the restriction of L u to the kernel of D^ u ^ ■ 

Lemma 3.5. A Hamiltonian fibration induces, up to transversality, a splitting of 
Fredholm system for (Bp P (a),£ p (a,Jp),dj p ). 

The issues regarding transversality are considered in the next section. 

4. Structure theorems 

Let A4o t i(P, a, Jp) be the moduli space of parametrized Jp-holomorphic maps 
with I marked points, representing a. This space consists of uples, 



{u,x u ...,xi) G M{P,a,J P ) x (S 2 ) 1 , 

where the points x%,...,Xi G S 2 are pairwise distinct. The group G := PST^C) of 
reparametrizations of S 2 acts (diagonally) on this moduli space. The quotient of 
Mqj(P, a, Jp) under this action is usually not compact. Still, its "Gromov's com- 
pactification" , Mo,i(P, o~, Jp), is a stratified space consisting of stable holomorphic 
maps [7].|17|.p2]. Concretely, the stratification is given by the combinatorial-type of 
the labeled connected trees with tails modeling the stable maps. When these strata 
are automorphism free they can be given a manifold structure for a generic choice 
of fibered almost complex structure. After giving the description of the stable holo- 
morphic maps in Hamiltonian fibrations, we show that the latter structure theorem 
holds compatibly with the projection tt. This is the content of Theorem B', which is 
a slight extension of Theorem B. We conclude by observing that changing of generic 
almost complex structure induces a cobordism between the corresponding moduli 
spaces. 

4.1. Stable holomorphic maps and Hamiltonian fibrations. In order to fix 
notations and terminology, we begin by introducing, first, the combinatorics needed 
to describe stable holomorphic maps, and second, the moduli space of stable pseudo- 
holomorphic maps. 
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4.1.1. Labeled graphs. This exposition is mostly taken from [3]. Nevertheless, em- 
phasis is put on how the combinatorics change when given a homomorphism of 
semi-groups. 

Let S = (V, Fl; pr, g) be a graph. Here, V denotes the set of vertices, Fl denotes 
the set of flags. The map pr : Fl — > V assigns to a given flag, its associated vertex, 
i.e for v £ V, the set pr _1 (t;) gives the valences at v. The notation \v\ denotes the 
number of valences at v. The map, g : Fl — > Fl is an involution. The set E of edges 
in S, is identified to the 2-elements orbits of g, while the fixed points of g gives the 
set, T, of tails of S. In the rest of the paper, we use the notation, vEw (v,w 6 V), 
to indicate that there is an edge between the v and the w vertices of S. 

Denote by C the set of connected components of S. There is an induced map, 
pr c : T — > C, assigning a tail to the connected component it is attached to. The 
genus, g(S), of the graph is the Euler number of S, i.e 



When all the components of S have genus 0, we say that it is & forest; if, furthermore, 
S is connected, we say that it is a tree. In the rest of the paper we will only consider 
forests. 

The subgraph, (v,Fl v := pr _1 (w); pr| F1 ,id), is called the star of S at v. Given a 
subset, V C V, the complement S\V of V in S, is defined as the subgraph given 
by S from which we removed all the stars at points coming from V . 

A map, f3 : V — > B, where B is an Abelian semi-group, defines a B-labeling of 
S. We denote by (S,/3) the corresponding labeled graph. A B-labeling /3 induces a 
B-labeling of C: 



An example of labeling, is the genus-labeling given by a map, h : V — > M, assigning 
to each vertex the corresponding genus. In what follows, the genus labeling will 
always be trivial. 

Composition of graphs. The composition, S" := S' S, of two graphs S' and 
S, is the graph obtained by replacing the vertices in S by the components of S' . 
More precisely, S" is determined by an isomorphism of maps between finite sets: 



If such isomorphisms exist, we say that S' and S are composable. In that case, S' 
is given as follows: 



This notion of composition defines a partial order -< on graphs: we set S" -< S. More 
generally, labeled graphs can be composed. Let (<S,/3) and (S',/3') be two labeled 
graphs such that S and S' are composable, and let tt : B' — > B be a homomorphism 
of semi-groups. We say that the graphs are tt- composable, if /3 and f3' c commute with 
respect to tt. The tt- composition is the labeled graph, (S" ,(3"), where f3" := tt o j3'. 
This defines a B-labeling. The labeled composition of (S,/3) with (S',(3'), is the 
B'-labeled graph {S",[3'). 

Note that composition of graphs induces a surjective map on the sets of vertices, 
7 : V" —> V , and of flags, 7fi : Fl" — > Fl. A section of the composition is a pair of 
right inverses, i : V — > V" and tpi : Fl — > Fl" , such that (pr") _1 (i(f )) = /^(pr -1 (v)) , 



g(S) = \V\ - \E\ + 1. 



Pc:C^B, Pc(c):=Y,P(v)- 





on elements not fixed by g 
otherwise. 
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which further verify /3" o i = n o f3' o t = (3 when we have labelings. In this latter 
case, we say that (l, Lp\) is a labeled section. Note that a section always exists while 
a labeled one may not. Let (S",f3') be a labeled composition of (tS',/3') with (S,/3), 
and let (/,, tpi) be a labeled section. The components of S"\l(V), together with the 
restriction of the labeling /?', are called contracted components. Note that (S,/3) is 
obtained by replacing the contracted components with either tails (if the contracted 
component had some) or edges between two vertices of V . We say that (S, f3) is the 
contraction of (S", 13'). As an example, consider the case where we contract a vertex 
v G V" with \v\ < 2. First, delete the star at v, thus creating either one or two tails. 
Assume the graph is connected. If it has only one vertex, everything disappears. 
Suppose it has more than one vertex. If v had a tail, then you don't delete the new 
tail created on its neighbour. If v had two edges, we replace the deleted vertex by 
an edge obtained by gluing together the two new tails. In the case it only had one 
edge and no tail, we also delete the new tail. This operation is called elementary 
contraction. 

Stability of graphs. Let S be a forest. A vertex v G V is said to be stable if 
\v\ > 3. The forest S is said to be stable, if all its vertices are stable. If, furthermore, 
we are given a S-labeling /3 on S, we say that a vertex v G V is (B)- stable if either 
(3{v) 7^ or v is stable. The labeled graph (S,/3) is B-stable when all its vertices 
are (-B)-stable. The following lemma, showing how the combinatorics change under 
a homomorphism tt : B' — > B of semi-groups, is standard. 

Lemma 4.1. Suppose (S",j3') is a stable labeled tree, then we have one of the 
following: (1) there exist stable tree (S,f3) and a stable forest (<S' , /?') such that 
(5",7ro /?') is their it -composition; (2) \T"\ < 2. Moreover, in case (1), there is a 
labeled section of the composition. 

Proof: Suppose (S" , tto/3') is not stable. This implies that there is at least one ver- 
tex of S" which is not stable. Let v be such a vertex, then \v\ < 2 and Tr((3'(v)) = 0. 
In the case \v\ = 0, we directly have (2). If \v | > 0, then contract the unstable 
vertices inductively until we get a stable forest, or we get (2). These elementary 
contractions don't change the number of tails and preserve connectedness of the 
graph. Suppose that the resulting tree, (S,(3), is stable. By construction, we have 
natural inclusions i : V V" and tpi : Fl Fl". The forest, (S',(3'), is then given 
by S' = (V",Fl";pr", g'). We define g'. By the definition of composition, each edge 
of S, that is each 2-element orbit {/i,/2} of g, should correspond to two tails in 
S'. So, letting {f[ := (<fi(/i)> Z^} be the 2-element orbit of f[ under g" , we then 
set g'(fi) = f[ and g'if^) = f^. Now, for the flags / G Fl" not coming from S, we 
simply set g'(f) = g"(f). ' □ 

The proof indicates that the tree (S,(3) is unique while (S' , /?') is not in general. 
The natural section mentioned in the proof will be called ir-section. 

Definition 4.1. Let it : B' — > B be a homomorphism of semi-groups. We say that 
the tree (S,(3) above is the 7r-stabilization of (S",/3') and we denote it S^(S",j3'). 
The vertices in S are called 7r-stable ; and the contracted components are called ir- 
unstable. 

Let (S,f3) = S n (S", j3'). The vertices in the image of section are said to be B- 
stable. Now, let c be one of the contracted components in S" . Then c is a tree with 
at most 2 tails. A tail of c is called exterior if it is also a tail of S" . Otherwise, it 
is called interior. In the case c has 1 interior tail, we say that c is a (it-) 'contracted 
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branch. In the case c has two interior tails, we say that c is a (n-) connecting branch. 
For a connecting branch there is a unique path of vertices connecting the 2 tails. 
This path forms a connecting chain. 

4.1.2. Moduli space of stable maps. The discussion below is taken from |17| and 
[22] . where the proofs of all the claims can be found. Denote by M g j the Deligne- 
Mumford moduli space of stable curves with genus g and /-marked points. We shall 
only consider the case g = 0. Points in Aio,i are given by isomorphism classes of 
elements, 

j = (S,j,x := (xi, ...,xi)), 

where (£, j) is a nodal Riemann surface of arithmetic genus with no self-intersection, 
together with I pairwise disjoint marked points on £ denoted x, which are disjoint 
from the nodes. Furthermore, each component of £ has at least three special points 
(i.e marked points or nodes). Two pointed nodal curves (S,j,x) and (S',j',x') are 
isomorphic, if there is a diffeomorphism cp : X — > T,' satisfying: 

ip*j' = j, and ip(xi) = x\. 

We denote by Aut(S,j,x) the automorphisms of (S,j,x), i.e the subset of diffeo- 
morphisms of nodal surfaces, (p : X — > X, such that ip*j = j and <p(x) = x. This 
group is invariant under isomorphism of nodal curves. Also, it is standard that the 
elements of Mo t i are automorphism free. 

Let M.q i(X, A, J) denote the compactified moduli space of stable J-(pseudo)- 
holomorphic maps, from (nodal) curves of genus with / marked points into the sym- 
plectic manifold X, representing the class A £ H2(X,7*). Points in Mqi(X,A,J) 
are given by isomorphism classes of parametrized stable pseudo-holomorphic maps 
(j,u) = ((£,j,x),u), where (S,j,x) is a Riemann nodal curve of genus with I 
marked points (not necessarily stable), and, u : S — > X, is (j, J)- holomorphic and 
such that each component on which u is constant has at least three special points. 
We say that (j,ii) is isomorphic to (j',u'), if there is an isomorphism of pointed 
nodal curve, ip, between j and j', such that ip*u = v! . Let Aut(j,u) denote the cor- 
responding automorphism group. It is well-known that stability implies finiteness 
of the automorphism groups. Moreover, if the map u is reduced, or simple in the 
sense that (j , u) has no ramified component or any two component having the same 
non-constant image in X, then Aut(j, u) = id (when the map has one only one com- 
ponent, this notion of simple map coincides with the notion of somewhere injective 
map). It is well known that any stable pseudo-holomorphic map can be reduced to 
a simple stable map. The reduction process however changes the homology class of 
the map (see [TT]). 

The moduli spaces A^o,« an d A4oj(X, A, J) are stratified, with strata labeled by 
stable labeled trees of genus called stable stratum data of the strata, or combi- 
natorial type. For a tree S = (V, Fl; pr, q), the set V corresponds to the compo- 
nents of (S,j), while Fl corresponds to the set of special points on the curve. For 
A4o,;(A, A, J) we have a H2(X, Z)-labeling giving the homology class represented 
by the image of each component in X. Note that .Mo,/ and Aioj(X, A, J) coincide 
when X = pt and A = 0. A strata with stratum data S will be denoted A4s or 
M.s(X, J), and A4J(A, J) will denote the subset of A4s(JT, J) consisting of simple 
stable maps. Furthermore, the partial order -< on labeled graphs induces inclusions 
of strata: 

M S ' cMs^S'^S 
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and similarly for M$ (X, J) . Note that there are finitely many strata in the com- 
pactified moduli space, since, given I and A, the set l of possible combinatorial 
types for genus stable maps, with / markings representing A, is finite. 

As we are considering only genus stable maps, we can in fact fix the complex 
structure on each component of the nodal surface to be the standard one. Let 
M S (X, J) denote the moduli space of parametrized stable J-holomorphic maps 
(S,u,x) representing S, and let G$ be the reparametrization group of the domain 
(£, x). The stratum Aig(X, J) is then identified to the quotient of M.s(X, J) under 
the (proper) action of G$. For the sake of the reader, we describe it. First, note 
that a stable map, (X,u,x) G A4s(X, J), is determined by a triple, (u,y,x), where 
y := {yw'}vEv' for v,v' G V, is the data given by the nodal points in E. Let T, v 
denote the component of £ corresponding to v £ V, and let u v be the restriction 
of u to £„. The group G$ consists of pairs ({^j^ev, 7), where 7 G Aut(5) is 
a tree-with-tails automorphism, and (p v : £„ — > £ 7 („) is an element of PSZ^C). 
Then, 

(Wv},^) • (u,y,x) := ({u v o c^" 1 }, {ip v (y vv >)} vE v' , W P (x k )(xk)}ke{i,...,i}) 1 

is the considered action of Gs on Mg(X, J). Before carrying out the description 
of stable Jp holomorphic maps in a Hamiltonian fibration n : P — > B, we first 
make sure that we have the appropriate energy bounds in order to apply Gromov's 
compactness ([17], 



4.1.3. Energy identities. Suppose Jp is a fibered structure obtained from a connec- 
tion r, an element Jp G Jp and a family J G J v , and let gj p be the corresponding 
split metric on P. For a smooth map u : S 2 — > P, we define its total energy to be 
its Dirichlet norm with respect to gj p : 

1 r ... , 2 



E(u) :=- / \\du\\ 2 gjp dvol S 2. 

Since gj p is split, E(u) can be written as the sum, 

\ I \\d«u))i ) dvol s , + \ [ \\(duy\\ 2 gj dvol s2 :=Ep(7r(u))+E^ rt (u), 
z Js 2 1 Js 2 

where Ep(ir(u)) is the energy of up := ir(u) (with respect to Jp), and E vert (u) is 
the vertical energy. When u is Jp-holomorphic, it turns out that: 

E B (up)= / u* B up, and E vert (u) = / u*t + R(u)dvol S 2, 
Js 2 Js 2 Js 2 

where the second identity is obtained since: 

r(du, Jpdu) = oj(du v , Jdu v ) - R(du h , J P du h ). 
Consider the Hofer norm of the symplectic curvature, 

ll-Rlltf := / maxMp) - mini?(p) w"„ fl , 

which is bounded by compactness of P. Then, we obtain the following upper bound: 
Lemma 4.2. For every Jp-holomorphic map u: 

(4.1) E(u)< [ u*t+\\R\\ h + [ u* B up. 

Js 2 Js 2 
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Applying Gromov's compactness, we conclude that any sequence of simple Jp- 
holomorphic map representing a, must converge (up to taking a sub-sequence) to a 
stable Jp-holomorphic map. From the upper bound B~Tl and the stability condition 
for stable maps we deduce the following standard result [IT], |22| : 

Lemma 4.3. We have \T>q J < oo. 

4.1.4. Forgetful maps and Hamiltonian fibrations. The natural map ir p t : X — >• pt, 
induces the map: ir pt : H2{X,"L) — > {0} on the labeling groups. We then obtain 
the standard forgetful map: 

w pt : M 0t i(X, A) -> M 0t i, TfptQ, u) = j st , 

where j st denotes the stabilization of j, that is j st is obtained by contracting the 
unstable components recursively. It is well-known that, when restricted to strata, 
the forgetful map defines maps: 

W S pt :M S (X)^M SnptJS) . 

This procedure can be generalized to any Hamiltonian fibration ir : P — > B with 
coupling form r. Again, the moduli spaces of stable pseudo-holomorphic maps in 
P and B are stratified, with strata labeled by stable labeled trees. Note that ir 
induces a map 7T* : B2(P, r L) — > H2(B,Z) between the labeling groups. Let Jp be a 
(7t,t) compatible almost complex structure on P projecting on Jp- Given a stable 
stratum data Sp for Jp-holomorphic maps in P, representing a class a £ H2(P,Z), 
we have that Sp := S Wt (Sp) is a stable stratum data for M.qj(B, 7r^(cr ), Jp), and 
we have a ir -forgetful map: 

Tfs P ■ M Sp (P,Jp) -»• Ms B (B,Jp), (j,n) -> (j st,7r ,UB := ir(u)) , 

where j s * ,7r is the Riemann nodal surface consisting of the components determined 
by the -nvsection of the 7r*-stabilization of labeled graphs (which has combinatorial 
type S- Kt (Sp)), and up restricts to the 7ivstable components. We further have a 
repar ametrization-group-equivariant map : 

: M Sp {P,Jp) -> M Sb (P,J b ), (u,y,x) ^ (u B ,y B := y s * >7r ,x) 

lifting Ws P ■ Note that, a priori, Ws P may not respect simplicity of pseudo-holomorphic 
stable maps (e.g. by sending a simple Jp-holomorphic map to a multiply covered 
Jp-holomorphic map). This has dramatic effects regarding transversality within the 
range of fibered almost complex structures. For each stable stratum data Sp we will 
consequently restrict our attention to the subset, Ai^ p (P, Jp), of simple stable ele- 
ments in M.s P {Pi Jp) lying hi the preimage of M* Sb (B, Jp) under Ts p . In particular, 
we denote by (^(mb))* the set of simple parametrized stable pseudo-holomorphic 
maps lying in the fiber of 7r,5 p above up G M* Sb {B, Jp), and we use the notation 
(7^* (up))* to denote the corresponding quotient under repar ametrizations. 

4.2. Transversality on every strata. We begin by recalling some standard no- 
tations and fact concerning transversality for a symplectic manifold (X,u). Then, 
we apply it to Hamiltonian fibrations. Finally, we formulate the corresponding 
cobordism invariance. 
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4.2.1. The non-fibered case. Consider a stable stratum data Sx = (V,Fl;pr, g) for 
Aio,i(X, A, J), with homo-logical labeling (3. For every v G V, let a v := j3{v) and set 

M*(X,(3,J X ) := {(n := {nj^y, J)\J G J x and u„ G A4*(A>„, J)} . 

This defines a subset of 

We describe .MJ (X, J) as a subset of M*(X, (3, Jx) x I(Sx), where the incidental 
subvariety I(Sx) is the subset of all uples, 

(y,x) :=(WW,si, ...,*,) G (S 2 ) 2 ^ x (.S 2 )^, 

such that for every u G V, the points y vv > for and :r m with pr(x m ) = v, are 

disjoint. First, to each edge of the graph Sx, we associate a copy of the diagonal 
Ax C X 2 , and set the edge diagonal, Ae C X 2 I e I, to be the product of these 
diagonals over the set E of all edges. We have a natural map, 

ev E : M*(X,P,J X ) x I(S X ) (^) 2|E| , 

called universal edge evaluation map, assigning to each pair (u, J, y, x) the corre- 
sponding "evaluation at the nodes" : 

u (y) '■= i( u v(yvv'),u V '{y V ' V ))} V Ev' ■ 

The preimage of Ae under evE, is the (parametrized) universal moduli space denoted 
A4g X (X, Jx)- Then, it is easy to see that 

M* Sx {X,J) = (p^)-\j)nM* Sx {X,J x ), 

where p^ x denotes the projection from M*{X, (3, Jx) x I(Sx) to Jx- The standard 
transversality theorem asserts the following: 

Theorem 4.4. i^|17j .[22] ) There exists a subset Jx,reg{Sx) C Jx of second category, 
such that for each J G Jx.reg(Sx), the moduli space M* Sx {X, J) is a smooth oriented 
manifold of dimension: 

&\m(M* Sx (X, J)) =2n + 2^2cJ x (a v ) + 2l-2\E\ -6. 

The set Jx,reg(Sx) of regular uj-tame almost complex structure for Sx is explicitly 
given by the following conditions: 

i) for every v G V, for every u G M*(X, a v ,J), the linearization , of dj at u, 
is surjective. 

ii) the restriction of evE to M* Sx {X, J) is transversal to Ae- 

Concretely, by i), for regular J, the moduli spaces A4*(X, a v , J), (v G V), are 
naturally oriented manifolds of real dimension 

ind (D x ) = 2n + 2cJ x (a v ). 

Point ii) then implies that M* Sx {X, J) is a smooth oriented manifold. Since the 
6(|£'| + l)-dimensional group, Gs x , acts freely and properly by orientation preserving 
diffeomorphisms on this latter manifold, it follows that JWg (X, J) is a smooth 
oriented manifold of the stated dimension. 

We briefly sketch the idea of proof for the genericity of Jx,reg(Sx)- We refer to 
|17j for the details. The main idea, is to show that the universal moduli space is 
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a separable Banach manifold, and that p Jx is a Predholm map between separable 
Banach manifolds in order to apply Sard-Smale. Of course, this does not apply 
straighforwardly here, since, for instance, Jx is not Banach. Instead, we consider, 
J x , the set of w-tame almost complex structure of class C r , with r > 2, and let 
£ x r ((3) be the disjoint union over J x of the direct sums: 

©££ |t JJ) where (u, J) £ B l /(P, J x ). 

By a standard argument, £ x r ((3) is a locally trivial C r_1 Banach fibration over 
B X P (/3,J X ). This Banach fibration admits the section 

s x : (u, J) ^ dj(u) 

and clearly, Ai*(X, (3,J' X ) is a subset of s^ 1 (0). Moreover, the linearization, D* u 
of sx at (u, J) is given by: 

(4.2) 5{,;):0^®W -> ©^UM 

One can show by a standard argument that this operator is onto for every (u, J). 
It follows that A4*(X, /3, J x ) is a separable Banach manifold. One concludes that 
A4*(X, J x ) is a Banach manifold by showing that the edge evaluation map evE 
is transversal to Ag. This is done recursively on the set of all labeled forest, the 
induction argument being made on the number of edges of the forests. 

Finally, a simple computation shows that p^x is Fredholm, with the same kernel 
and cokernel as the linearized operator D x . Thus, by Sard-Smale (when r is big 
enough) one obtains a generic subset J x reg (Sx) C J x , which in fact coincides with 
the regularizing set defined above, but with C r elements only. One concludes in the 
C°° case by an argument due to Taubes (see [TTj, Chapter 3). 

4.2.2. The Hamiltonian fibration case. Let n : P — > B be a Hamiltonian fibration 
with coupling form r. Before reformulating Theorem B and giving its proof, we fix 
some notations. 

Fix a stable stratum data Sp = (V, Fl; pr, g) with homological labeling /3p, and 
let Sb = S 7T:t (Sp) = (Vb, FL3; prg, qb), with corresponding labeling /3b- Let E 
and Eb denote the corresponding set of edges. We will assume below that the 
homomorphism j3' B := 7T* o f3p is non-zero, thus forcing (3b to be non zero. Set 
o- v ■= Ppip)- _ 

Let, Ai**(P, f3p, Jp), be the restriction of A4* (P, (3p, Jp) to simple maps having 
simple projection under n, and let 

M* s * p (P,J P ) := ev E \A E ) 

be the corresponding universal moduli space. Similarly to the general case, we say 
that Jp G Jp.reg{Sp) if and only if: i) \/v £ V, Vn G M.**(P, a v , Jp), the operator 
is onto; ii) the restriction of ev E to M*g p {P, J) is transversal to A#. 
Note that we have a natural map 

n Sp : M**(P, p P , Jp) x I(S P ) -> M*(B, (3 B ,J B ) x I(S B ) 
(u, Jp,y,x) (u B , Js,yB,x), 
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induced from ir and the projection p\ : Jp — > Jp. In fact, the restriction of Hs p to 
■M*s p {P,Jp) induces a map between universal moduli spaces: 

k Sp ■= n Sp x pi : M* s * p (P,Jp) MS fl (B,^ fl ). 

Since the edge evaluation maps commute with ns P and the projection from P 2 \ E \ 
to B 2 \ Eb \ it follows easily that if Jp is regular for Sp then Jp is regular for 
Now, fix a regular Jp. Note that 

{ksI&b))* = {P2z°P Jp r\J, H) n n Sp ( UB , j b ) n ev~ E \A E n F 2 l^l), 

where P23 : Jp — > J V x TL is the obvious projection. The set JH reg (up, Jp,Sp) 
of fiber regularizing for (^(mb))*, actually consists of pairs (J, H) G x % that 
turn this intersection into an oriented manifold. More precisely, a pair (J, H) is 
/i&er regularizing for (n^ p (up))* if for every (u = {u v } ve v, y, x) G (^(mb))*, the 
following conditions are satisfied: 

a) Vt> G V, Vtit, G .M**(P, o"„, Jp), the operator DV Jp s is onto; 

b) the restriction of evp to is transversal to A E D F 2 I E L 

Concretely, it follows from a) and 6), and the exact sequence 13.41 that for a regular- 
izing pair (J,H), the set 7Tg (up)* is a smooth oriented manifold with dimension: 

dim(7r^(u B )*) = dimM* s * p (P, J P ) - dimM*s B (B, Jp). 

Since we are only considering vertical deformations of the maps, the dimension of 
the reparametrizations is 6(\E\ — \Ep\), thus giving after quotient: 

dim(W- p (u B ))* = 2n F + 2 ^ c\{o- v ) - 2\E\ + 2\E B \. 

We give the proof of the following extension of Theorem B to any strata, which can 
be seen as a mild extension to the Hamiltonian fibration case of Theorem 14.41 

Theorem B'. Let Sp and Sp be as above. 

1) Jp,reg{Sp) is of second category in Jp. 

2) For any Jp G Jp >r eg(<Sp) and any up G M.^ (B, Jp), the set of regularizing 
pairs, JMregiup, Jp,Sp), is of second category in J v x %. 

Proof: The notations used here are the same as the one introduced in Section r4.2.1[ 
Following the guideline given in the preceding section, we show that 

(4-3) n Sp : M* Sp (P,Jp-) -> M*s B (B,J£), r > 2, 

is a submersion between separated C""" 1 Banach submanifolds of Bp P ((3p, Jp) and 

Bp P (PB, Jp)- By the discussion in Section [4.2.1l we already know that J\A* Sp {B, J e ) 
is a Banach manifold. We will then proceed as follows: 

(I) we show that M**{P,f3p,Jp) is a Banach manifold and that the restriction 
of the natural map, 

p := tt Sp x Pl : Bp*(f3p,Jp) -> B^tfB, J r B \ (u, J P ) ^ (vr(u), Jp). 

to this product moduli space is a smooth submersion onto M.*(B, f3p, Jp); 
(II) assuming ev E is transversal to Ap, we show that tts p is a submersion; 
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(III) we show that for every labeled forest Sp with /-tails, the restriction of devE 
to kerdLT^p is transversal to the subspace TAe\ tf e- This implies that evE is 
transversal to Ag for any labeled forest Sp since evE B is transversal to Ap fl 
for every labeled forest. Hence, M*£ p (P, Jp) is a Banach manifold. 

The rest of the proof is verbatim the same as in the non-fibered situation and we 

omit it. 

Proof of (I). First, by a standard argument ([5]) involving the use of both 
the connection induced by th and the L-C connection on TB, the sets, £p r ((3p) 
and £p r (f3p), are locally trivial C r_1 Banach fibrations, over B l /((3p,Jf,) and 
Bp P (@Bi >Jp), which can be locally trivialized compatibly p. Let sp and sp be 
the corresponding Cauchy-Riemann sections. The linearization D B lg j B \ of sp at 
(up, Jp) is given by (|4.2|) . while for the linearization Df Jp ^ of sp at (u, Jp): 

D^ Jp) --®^ p l®T Jp J P -> ©^(Jp) 

(£, Y V ,Y, f) ^ D u i + l -(Y.dir(u).j Q ) h + ~Y\(d U y.j + X° f ( du) 



Let p be the fibration map corresponding to the projection p: 



p : S'> r (Pp) — ► £g r (ftj), (77, Jp) H- (dTrfa), J S ). 



By definition, po sp = sp o p. Furthermore, from lemma [331 and since and 



.0,1 

lemma bMI ana since ^ 

Y v .(du) v .jo are vertically valued, we deduce that: 

<t P° : Df u ,j P ) =Df-K(u),j B ) od P- 

The maps dp and dp being both surjective, the pair (p,p) defines a submersion of 
Fredholm systems, and we end up having the exact sequence: 

-> ker D v -> ker D p ker D B coker I) 1 ' -> coker D p -> coker /3 s 0, 

where TJ 11 denotes the vertical operator associated to D p . 

To prove the claim, we show that the pair (p, p) defines a splitting when we restrict 
sp to M**(P,f3p,Jp) and sp to M*(B,f3p,Jp\). It is enough to prove this when 
the tree structure of Sp is preserved under SV* • Let Vq denote the subset of V on 
which fi' B vanishes, and denote by V+ its complement in V. Since D B is onto for 
every (up, Jp) £ Ai*(B, fip,Jp), it suffices to show that the vertical operator D v is 
surjective at every points of M.**(P,j3p,Jp). Notice that D v is closed, and suppose 
it is not dense. Then, by Hahn-Banach, we would have a non-zero element: 



{VvUv 6 0^(A°' 1 (5 2 ,<rP«)), - + - = 1 

v£V P q 

such that each r\ v , is of class W 1,p , is in the cokernel of D ^ , and is such that: 

■ y5 %ev / + ^ ' vev ^ ' 

Next, we show that we can find Y v and / such that all the components in the sum 
must be strictly positive unless all the rj v are identically zero. Let Z(u v ) denote the 
set of non-injective points of u v , and consider the subset in S 2 : 

X(u v ):=Z(u v )U (J n~ 1 (^(5 2 ))U (J u' 1 (u v , (S 2 )) . 
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Since we consider simple maps, the complement of this set is open dense in S 2 . Let 
x v be a point of the complement of X(u v ). Then, there is a neighborhood V of x v 
which is embedded via u v into a neighbourhood IA V of u(x v ) in P, and which does 
not intersect the image of any other u v >. Now, assume v G V+. From transitivity of 
the action of Hamiltonian diffeomorphisms on the manifold, we can find a function 
/ G TjiH = % supported in U v , such that: 

j s2 ( X Hdu v y^) dvd s^ >0. 

When v'a in Vb, we can also find an element Y v G TjJ vert supported in U v and such 
that 

J (^Y v .{du v y.j ,7 li ^dvol S 2 > 0. 

The neighbourhoods IA V can be chosen small enough so that they are pairwise non 
intersecting. Set Y v \ u = for v G V + and f\ u = for v G Vq. Then l" 1 " and / are 
well-defined on the whole manifold P, which implies that all the r] v 's are vanishing. 
This ends the proof of the first claim. 

Proof of (II). Assume cue is transversal to Ae when Sp is any labeled forest. 
Furthermore, suppose that the graph structure of Sp is preserved under S^, . This 
is enough since we can always place ourselves in this situation by adding marked 
points in the fiber components so that they are all equipped with at least three 
special points. This procedure does not alter the transversality for cue, as the 
latter does not depend on the infinitesimal movement of the marked points. Let Sp 
be the stable stratum data resulting from adding the marked points, and consider 
the map 

For p : M* s \ (P, J P ) -> Mf p (P, J P ) 

that forgets the k added marked points, together with stabilizing the resulting map. 
Define For B in a similar way. Then: 

For B o tt Sp = tt Sp o For p . 

Clearly For p is a submersion. It is not hard to see that For B is also a submersion. 
Moreover, using an adaptation to the fibered case of Lemma 3.4.7 in [T7] one can 
show that TTgp is also submersion [8]. 

Proof of (III). The proof proceeds by induction on the number of edges of the 
labeled forests Sp. When the forest has no edge, the assertion is vacuous. Suppose 
it is true for forests with at most N edges, and suppose Sp is a forest with N + 1 
edges. Pick any edge given by the pair, (y vv ',y v ' v ), cut it out and replace it by the 
two new marked points, y vv > and y v > v . This procedure gives a new forest S' P with two 
more tails, which satisfies the induction hypothesis, and such that the sets I(Sp) 
and I(S' P ) coincide. Let E' denote the set of edges of S' p . Then evE> is transversal 
to Ae> so that M*^, {P,Jp) is a Banach manifold. Consider the evaluation 

ev w < : M* s * p (P,Jp) ->■ P x P, (n,y,x, J P ) \-t (u v (y vv t),u v '(y v ' v )). 

We prove that ev vv i is transversal to the diagonal Ap C P x P. Assume that tt 
preserves the tree structure of S' p (if not we can add marked points). Let ev B , be 
the analog of ev vv > , but in the case of the base B. It is known that ev B , is transversal 
to Ap C B x B at every point of Ai* s ^(B,J P ) (see [17]). Furthermore, 

ev vv> ° ^S' p = (vr x vr) o ev vv > , 
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Since both it x ir and tt are submersions it suffices to check that: 
V5 G M* sp (P,J P ), coker dev vv , (5)| ker ^ = 0. 

By the symmetry arising from quotienting Ti 7 © Ti 7 by TAf, it suffices to show 
that the restriction of dev vv /(u) to V surjects onto T Uv ^ y x {0}. But: 

w = {({&}, 0,0,0,^,/) e T u M** lp {P,j r P ) |& g w^rp"), v« g f}. 

Hence, by definition of etw : 

detw(2)({£«},0,0,0,F u ,/) = 
Now let (u, 0) G T^fy f \F x {0} and suppose the i component is not ghost. Then 
choose any G Xp'^ v such that £ v (y vv ') = v. Adapting Lemma 3.4.7 in |17j to the 
present situation, we can find Y v or / supported in a small enough neighbourhood 
in P (such that it does not intersect the image of any other component) and a 
vector field ( G W 1 ' p (u* v TP v )juch that, C(w) = for vEv' and - C,0,Y",0), 
or (£« - Cj °> /)) hes in ker D (u v ,j P )- Then set 

= VV / u. 

If u v is ghost, then consider Vgh(v) the vertices of the largest subtree in S' P , con- 
taining v G V and consisting only of ghost components. For all k G Vgh(v) we must 
have = uu. Consider now all the elements k G ^\V^h(^) such that there exists 
v' G V g h(v) for which kEv' and write this set as K. All these components have a 
point in commun in the image of the stable map, namely, u v (T, v ) = u v (y vv >). Then, 
for every m G K choose any £ m G Xp^° such that £ m (y mv ') = w. Applying the 
argument used in the non-ghost case to all the components indexed by K, we find 
vertically valued vector fields {C,m}m&K such that 

((Vmv') = when mEj, m G K and v' G V g h(v), 

and such that, for all m G K, either (£ m — £,0,1^,0) or (£ m — £,0,0,/) lies in 
the kernel of Df Umi j p y Finally, set = for every component not indexed by 
KUV gh (v). □ 

Remark 4.5. In the proof above, it is essential that we allow the connection to 
vary. In particular such perturbations enable us to avoid horizontal Jp-holomorphic 
maps, i.e maps u such that Im(dn) C Hor, for which the index of is negative 
(see P33). 

4.2.3. Cobordisms. We end this section by stating the invariance of the moduli 
spaces under changes of the regular structures. Let Sp be a stable stratum data, 
and let 5b be its projection. Given two regular structures J P and Jp in Jp, re g{Sp), 
we designate by Jp(Jp, Jp) the set of paths {Jp} in Jp, s G [0, 1], with endpoints 
J P and Jp. Similarly define Jb{J%, Jp) for pairs Jp and Jp in Jp^egi-Sp)- For 
elements 7 G Jp(J P , Jp) and 75 G Jb(J b , Jp) we set: 

Ws P (P,{Jp}) -^M&^Jp) and W* SB {B,{J S B }) := 7 * b M* Sb (B,J b ). 

It is not hard to see that if 7 is transversal to p^ p , and respectively 75 is transver- 
sal to p^ B , the quotient under Gs P and Gs B of the above pullbacks are then oriented 
manifolds with boundaries, and with dimensions: 

dim(M£JP,Jp)) + l and dim{M* s * B (B, J° B )) + 1. 
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In such case we say that the paths are regular, and denote by 

Jp,reg{Sp, Jp, Jp) and JB,reg(SB, Jp, Jp) 

the set of such regular paths. Note that a regular path 7 in Jp projects to a regular 
path 7 B := ^(7) in J p. 

For fixed Jp G J B ,reg(S B ) and up G M* Sg {B,Jp) set JH({J, H)° , (J, H) 1 ) to be 
the set of paths with endpoints (J,H)° and (J,!!) 1 in JT-L reg {up, Jp,Sp), and for 
any such path 7 set: 

W* s * p {K-\up), Jp, {{J, H) s }) := ^^r\up, Jp). 

If 7 is transversal to the restriction of P23 o p^ p to the fiber (jr)~ 1 (up, Jp), then 
the quotient under Gs P of the corresponding pullback is an oriented manifold with 
boundary, of dimension 

dim(W-\u B ) n M**(P, J P )) + 1. 
In such case, we say that 7 is regular, and the set of regular paths is denoted by 

JUreg{uB,JB,Sp,{J,Hf,{J,HY). 

Proposition 4.6. The regularizing sets: Jp^eg{Sp, Jp, Jp), JB,reg{Sp, Jp, Jp) and 
JHreg{uB, Jb,Sp, (J, H)° , (J, H) 1 ) are of second category. 

5. The product formula 

In this section we establish the product formula. Before doing so, we recall 
the definition of Gromov-Witten invariant for a semi-positive symplectic manifold 
(X, uj). For a detailed exposition of the following standard facts, we refer to [IT] or 
|22j . Let A G H2{X,'L), and consider the Z-pointed evaluation map: 

ev^j : M* 0tl (X,A,J) X 1 , [u, x x , . . . , x t ) . . . , ufa)). 

This defines a dimfVWQ t (X, A, J))-pseudocycle of X 1 for every J G Jx,reg C Jx-, 
where 

(5.1) Jx,reg ■= Q Jx,reg{S) 

which is of second category since T>^ is finite. Note that Jx,reg depends on uj. 

We recall that a d- dimensional pseudo-cycle in a manifold X, is a pair (M,f), 
where M is an oriented manifold M of dimension d, and / : M — > X is a smooth 
map such that the closure, f{M), is compact, and such that its omega-limit flf is 
of codimension at least 2 in X. Given classes, Ci , . . . ,cf G H*(X), it is possible to 
represent them by pseudo-cycles (Mi, f±), . . . , (M/, //) in X, of respective dimensions 
dimMj := deg(c^). We can further assume that these cycles are in general position, 
and such that evfj is strongly transverse to the product cycle, 

C:= (M 1 ,f l )x...x(M l ,f l ). 

Then, the corresponding Gromov-Witten invariant is the algebraic number of iso- 
lated points in the preimage of C under evfj, 

(cf,...,cf)^ a :=ev^j.C, 

which is set to be unless: 

I 

2n(l - + 2cf x (a) + 21 - 6 + ^ deg(cf ) = 0. 

i=0 
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This number only depends on the bordism class of the pseudo-cycles involved. In 
particular, it does not depend on the regular almost complex structure, which we 
will drop from the notations. 

Now, let 7r : P — > B be a Hamiltonian fibration with coupling form r, and let ip 
denote the inclusion of F in P. Consider a G H2(P,%) with a B = k*<j 7^ 0. For 
(ug,x) 6 t (B, a B , Jb), we have the commutative diagram: 



(5.2) 



where 



vf- Vb,x)/G ^ Ml%P, a, J P ) M* 0>l (B, a B , J B ) 



F l 



u i,j e 



P i 



B l 



ev(u B ,x)--n 1 (u B ,x)/G — >F l , u i-)- u(x) := (u(x{), ...,u(xi)) G JjF, 



8=1 



The product formula is obtained by considering the (respective) intersections of 
eU( US)X ), ev B Jg , and evf Jp , with the product pseudo-cycles: 

(C'.n-n^./f), (C fl , / B ):=fl(Mf,/f), (^,n:=n(Mf,/f), 

j=l j=l i=l 

where, (Mf,ff), (Mf,f B ), and (Mf,ff), respectively represent torsion free ho- 
mology classes, cf , cf , and cf , verifying condition In particular, 

((M B ,f B ) = (pt,ff) fori = l,...,m 
\(Mf,/f) = (F,td F ) fori = m + l,...,Z. 

Furthermore, a (i-dimensional pseudo-cycle (M, /) in the fiber F of P defines a d- 
dimensional pseudo-cycle (M, Lpof) in the total space. Similarly, any (i-dimensional 
pseudocycle (M, /) in i? defines a d + dimF pseudocycle (f*P,f) in P, where / 
stands for the bundle map associated to /. These operations actually preserve the 
bordism classes. We conclude that: 

((Mf,t p F (fJ)) ifz = l,...,m 

\((/fr^/f) otherwise. 

Regarding orientations of the product pseudo-cycles, the exact sequence, 







0. 



gives: 



det df p {TCp) det df B {TC B ) ® detd/ F (TC F ). 
Therefore, if we choose the cycles (C B ,f B ) and (Cf,/ F ) to be positively oriented, 
the cycle (Cp, / p ) must also be positively oriented. Now, assume the evaluations are 
pseudo-cycles, and that strong transversality with the product cycles is achieved. 
Then (ev B )~ l (f B ) is a finite set, {(ttp iQ , x a )} aeJ 4, of isolated simple, Z-pointed, Jp- 



holomorphic maps. For each a, let t B a denote the embedding of F l into F l 



Also, in order to simplify notations, set 

ev a 

and write: 



«B,a(Xa)" 



rF P rF 

eV( UB a ^ a ), la ■= ><F,a J > 



pF B fB J P rP 

ev a .f a , np := ./ , and n P := ev l .} . 
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Notice that the numerical conditions under which n a and ub are non necessarily 
zero, provide the condition under which np is possibly non vanishing. Now, in the 
above notations, the product formula now reads: 

(PF) Va G A, np = n a riB- 

We will prove this relation, and then prove the Corollary in the last subsection, 
Before doing so, we make sure that the evaluation maps in (|5,2p . are simultaneously 
pseudo-cycles that remain in the same bordism class under change of regularizing 
almost complex structure. This will give meaning to all the numbers in (|PFp . 

5.1. Evaluation maps as pseudo-cycles. We begin by fixing some notations. 
Define JB,reg C Jb and Jp^eg C Jp as in (|5.ip . These sets are of second category. 
For Jb G Js,reg and ub G M*(B, erg, Jb), we set, 

JV.reg(uB,JB) ■= f] JJL re g{u B , Jb , <Sp) , 

{S P \S 7r ASp)=S t B op } 

where Sg P denotes the top stable stratum data for M.(B,gb, Jb), i-e the stratum 
having only one vertex as a tree structure. By Theorem B', this set is also of 
second category. Furthermore, for fixed Jb, we say that the class ob G H2(B,Z) 
only admits irreducible effective decompositions with respect to Jb if every stratum 
Ms B (B, Jb) is only made of irreducible elements. This condition is in particular 
realized by primitive classes, for example the class of a line in CP n , or the diagonal in 
S 2 x S 2 with the standard product complex structure. Let Ji rr (pB) denote the subset 
of Jb with respect to which erg admits only irreducible effective decompositions. 
Then Ji Tr {pB) is open in J{B,ujb)- Nevertheless, nothing garantees that it is non- 
empty. In the theorem below, the restriction to JirripB) is essential in order to 
avoid simple stable maps having a reducible projection. 

We show that all the evaluation map in the above diagram are pseudo-cycles. 
Note that condition is equivalent to: 

(5.3) MA G 7r 2 (F) : oj{A) > , cJ F (A) >3-n P =>- c TF (A) > 0. 

This is weaker than asking for P to be semi-positive. However, this implies that the 
fiber is semi-positive. 

Theorem 5.1. Assume (15. 3p and that Jirri^B) 7^ 0- Then: 

i) For every Jp G Jp^eg with Jp G Jirri^B), the evaluation maps, evfj and 
evf Jp , are pseudo-cycles. Moreover, changing of regular structure along regular 
path induces a bordism between the relevant evaluation maps, as long as the 
almost complex structure on B varies in a connected component of Ji rr {aB)- 

ii) Fix a regular structure Jb, and let (ns,x) G M.q l {B, Jb,ctb)- Then, for any 
element in JHregiuB, Jb), the couple (T~ 1 (ub, x), ev( Ug ^) is a pseudo-cycle 
that remains in the same bordism class, under change of regularizing pair along 
regular paths. 

Proof: We only show the first statement, the proof of the second being similar. Fix 
Jp = (Jp, J, H) G Jp^reg- Hence Jb G JB,reg and evfj is then a pseudo-cycle ([17]). 
By Lemma 14.31 there are only finitely many stable stratum datas Sp representing 
geometric limits of curves in Ai^^P, a, Jp). Hence, by Gromov's compactness, 

n evfj c(Jev P j p (M* s * p (P,J P )), 
' P s P 
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where the union is taken over all reduced stratum datas. Let j3 p denote the ho- 
mological labeling associated to a reduction S r P ed of Sp. Let V™ d denote the set of 
7r-stable components in S p ed , and let V§ ed denote the set of 7r-unstable components 
in S P ed . Since, by assumption, op only admits irreducible decompositions, only 
7r-unstable components of Sp are contracted in the reduction process. Therefore, 
there exist integers m v > for all v G Vg' 6 ^ such that: 

Condition (|5.3p further implies that c v (f3 p ed (v)) > 0, for every v G Vg^, and we 
conclude that 

dim M** d (P, J P ) < dim Ml\{P, a, J P ) - 2 
°p 

for every stratum reduction. Hence, evf Jp is a pseudo-cycle. The independance 
statement is shown as follows. Let J p be a regular path of fibered almost complex 
structures between regular fibered structures, projecting on a path in JB,reg{J%-, Jp)^ 
Jirr(pB) (with Jp,Jp in the same connected component of Ji rr (&B))- Then, any 
Gromov limit of a sequence in W^(P,o-,{J^}), is such that its non-trivial roots 
are irreducible, while its fiber components may actually be reducible. Argumenting 
exactly as above, the lower strata in W i(P, cr, { J P }) have codimension at least 2 
in P. Thus, 

e< {4} :W *KP,cr,{4})^P' 
is a pseudo-cycle inducing a bordism between evf j0 and et^i . □ 

Remark 5.2. Note that in this context we do not need to impose any semi-positivity 
assumption on B due to the specific decomposability hypothesis imposed on op. 
Note also that if op is undecomposable, we can drop the restriction on JirripB)- 

5.2. Proof of theorem A. We begin by proving that all the terms in (|PF|) are 
well-defined. From Theorem 15.11 and since Jirriop) ^ 0, the evaluation maps evf 
and evf generically define pseudo-cycles. Choose (generically) the cycles (Mf,ff) 
so that evf is strongly tranvserse to (Cp,f B ). Then {evf)~ 1 (f B ) is finite and, 
as already mentioned, the corresponding GW-invariant, np, only depends on the 
bordism classes of {Mf , f B ), and on the connected components of Jirr{p p)V\Jp^ reg . 
Thus, 

(evf)- 1 (f B ) = {(up, a ,x a )\aeA}, 

is finite, and for every a £ A, the map ev a also defines a pseudocycle for generic 
fiber regularizing pairs. Consequently, (F l ,fa) is a pseudo-cycle of P^ b ( Xq ) for 
every a£i. Since A is finite, we can furthermore choose the cycles (Mf, ff) such 
that, for every a G A, the evaluation ev a is transversal to f£- This, together with 
the fact that evf is transversal to f B implies that evf is transversal to f p . The 
independance of n a and np, with respect to the choice of regularizing triple, follows 
from Theorem 15.11 

Next, we prove (IPFI) . Let C a C B denote the image of up t0l , let Pc a be the 
restriction of P to C a , and let, i a : Pc a > P and L p Ca : F <— >■ Pc a , denote the 
natural inclusions. Consider the subset of section classes in Pc a , 

B% = {a' E H 2 (P Ca ,Z)\(L a )*a' = 
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Then, 

(5-4) n a = <4 CQ (cf),---,V Ca (cf)>2> 

a'eB S 

Indeed, let Jp Ca denote the restriction of Jp to Pc a , then i a naturally induces an 
identification: 

T a : |_J M(Pc a , Jp Ga ,cr') -4- tT" 1 ^ 

which is an orientation preserving diffeomorphism when restricted to any stratum. 
Furthermore, by simplicity of ub «, the I marked points are naturally identified to 
the 2/-dimensional manifold Mq i(C a , [C a ]). We obtain the following diagram: 

= |_Ub« M*(P Ca ,cr') . LW Ml^Pc^^Ml^, [C a ]) 



where the complex structures are dropped in order to simplify notations. By defi- 
nition, evxa" is the composition of ev a with i a , hence is a pseudo-cycle for generic 
fiber regularizing parameters. Using the above diagram we conclude that evf Ca 
is generically a pseudo-cycle. Then, equation (|5.4|) follows since there is only one 
positively oriented curve in A4q ;(C q , [C a ]) intersecting transversally I points at the 

i-marked points (giving {pt, ...,pt) ", c , = 1). 

Now, consider the sign functions, ep, es, and e a respectively associated to the 
curves counted in np, ub and n a . We have to make sure that the signs of the 
counted curves are given compatibly with it 1 , i.e that: 

Va £ A, ep = €b x e a . 

But this is the case since for every fiber regularizing pair we have the exact sequence: 

-4 T u (w-'iuB^Xa)) -> T Mu)tXa) M$(P,a) -4 T iuBajlLa) M* 0>l (B,a B ) -4 0. 

Consequently: 

n P = 2 e P (i a (n)) 

^ A {ueev-\fF)} 

= \e B (uB, a ^a) Yj e Pc a ,x a ( u ) 

° eA V {ueev^ifF)} 

which, by Lemma 12.61 coincides with n ao nB for any cyq £ A. □ 



6. Gluing and fibration of moduli spaces 

The aim of this section is to show that, under some circumstances, tt defines a 
locally trivial smooth orbi-fibration above the top stratum of A4qj(B, erg, Jb), with 
as 7^ 0. We start with the following simple observation. From the transversality 
theorem, the restriction of tts p to Ai**(P, a, Jp) is generically a smooth submersion 
onto Ai*(B, <tb, Jb) over countably many points. It is natural to ask if there exists 
a fibered Jp with respect to which the latter map is everywhere regular. For fixed 
Jp and J, we say that H £ T-L is parametric if D v u is surjective for every u £ 
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Ai**(P, a,Jp). Prom exactness of (|3.4p tt is a smooth submersion for parametric H. 
As a result, if we assume that a is an undecomposable effective class projecting onto 
a non-trivial undecomposable class in B and that H is parametric, then Jfs p is a 
(smooth) locally trivial fibration (Indeed, since a is undecomposable, M**(P, o~, Jp) 
is compact so that tts p is proper, as desired). 

Remark 6.1. The set of parametric H's may be empty. Consider the (CP 1 ,ups)- 
fibration, 

vr : E :=P(C Cp2 (-2)©C) ^ (CP 2 , wps). 

Denote by L the homology class of a line in CP 2 , and let Lq G Pi2(E,Z) be the 
class such that L = -k^Lq) and Lq n [F] = \pt], where [F] stands for the class of a 
fiber in E. If u is a holomorphic curve in E representing Lq, the fibration u*TE is 
isomorphic to the direct sum of CP i(2), CP i(l) and CP i(— 2). A straightforward 
computation then shows that the index of the vertical linearized operator must be 
—2, hence there are no parametric H. 

We will make the following assumption throughout this section: 

Assumption 6.2. LetSp be a stable stratum data for pseudo-holomorphic maps in 
P representing a . We ask that for every u G Ais p (P, Jp): 

• the operators and D^,. are surjective; 

• the edge evaluation maps ev B and ev^ s ( u ) are transversal to the correspond- 
ing diagonals. 

Then for every u G M.s P {P, Jp) the operator is surjective, and ev p is trans- 
verse to the associated diagonal (see Section 3). By a standard argument the quo- 
tient spaces Ais P (P, Jp), Ms B C^> Jb), and the fiber of 7fs p over ns P (u), are smooth 
orbifolds. Furthermore, the commutativity ir^oD^ = ( u ) 07r * implies that these 
orbifold structures can be chosen compatibly with Ws P - We will drop the almost 
complex structures from the notations since it is understood that we made a choice 
here. 

6.1. Gluing in the non-fibered case: B = pt. We give the gluing procedure in 
Mo t i(X,A) with (X,uj) a general symplectic manifold. This will be our guideline 
when considering more general base. We start by gluing in Moj. We follow standard 
approaches in the litterature, such as p2], [21], [2] amongst others. 

6.1.1. Gluing for nodal curves. Let, S := (V, Fl;pr, g), be a stable stratum data for 
A4o,z, and let j = (S,j,x) G Ais- Fo r v £ V, let T* v denote the corresponding 
(irreducible) component, and for / G Fl, denote by Zf the corresponding special 
point on Yl v . By definition each Yl v is stable. Then, upto isometry, there exists a 
unique isometric action of a Fuchsian group T on the hyperbolic half plane EI with 
respect to which: 

S B \{z / |pr(/) = t;}^H/ r . 

The induced metric belongs to the conformal class given by the complex structure on 
£„. If D C H denotes a Dirichlet region of T, then each Zf corresponds to a vertex 
at infinity, and we can choose the fundamental region D such that Zf corresponds 
to infinity with edges x = and x = 1. It is well known that given a real b > 1, the 

horocycle at Zf, 

{x + iyeM\2iry>b}/ {z ^ z+1) , 
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defines a neighbourhood of Zf, which can be identified to a punctured disc D*(e 1 ^ b ) C 
C via the map z H> e 2mz+1 . We have such neighbourhoods for each Zf, and we de- 
note it Dj(rf), with small r/ > 0. Now, D*j(rj) is conformally equivalent to a 
cylinder with negative end: 

(-oo.lnr/] x M/2vrZ D}(r/) : (s,t) h+ e s+it 

or with positive end: 

[-lnr/,+oo) x R/2ttZ D/(r/) : (s,t) ^ e - * - **. 

Let ejj/ be an edge of 5 between the vertices v := pr(/) and v' := pr(/'). For a 
complex number 

(6.1) /w := e - R w>+iKv> = r vv ,e id ™', 9 G [0,2vr), 

such that |/w| < min{r/,rj/}, we can glue the components T, v and S„/ at and 
zyv as follows. Put positive (resp. negative) cylindrical coordinates on Dj(rj) (resp. 
Df,(rf) and identify the annuli: 

[-i^/2- 1,-^/2 + 1] xJR/2vrZ 4 [i?™//2 - 1, i^„//2 + 1] x R/2irZ, 

(s,t) h-> (s + + Q vv >) 

This gives the patching procedure between the annuli Af := Dj(rf)\Dj(e~ R ^') and 
Af> := Df,(rfi)\Df,(e~ Rv V). The resulting curve £p w (f, /') has a natural complex 
structure and is the gluing of j at efji with parameter p vv >. 
Note that p TO / can be naturally identified to an element of 

c vv , -.= t Vvv , e„ ® r Wu#f) S„/ c, 

Denoting by Cj the direct sum of the C vv r over all edges in S, and by B e the ball of 
radius e at the origin of Cj, then for small enough e > 0, the gluing gives a map: 

glj :B e cCj^ M ,i, P^j P = E,. 

which coincides with the identity map when p = 0. Note that glj is Aut(j)- 
equivariant (for the linear action of Aut(j) on Cj), and it follows from stability 
of the curve that glj is injective. Taking the union over Ms of the Cj actually 
defines an orbibundle 

ps : Cs ->■ Ms- 

Let £s, e denote the restriction to an e neighbourhood of the zero section, and let 
be Cs with the zero section removed. Given a proper open subset U C Ms, there 
exists e > 0, depending on U, such that the above gluing map extends to a locally 
diffeomorphic map: 

9 l S ■ £* S ,e,U : = C *S,e\u ~> M °> 1 > ^'^ ^ 9 l i(P)' 

More generally, given two stable stratum datas such that S ~< S', there exists a 
subbundle £ S ,S> of C s with fibers identified to C |£,| " |£| , being the number of 
edges in S', as well as gluing maps (defined on proper open subsets) 

9 l s,s> ■ £*s,S',e^Ms- 

When S is unstable, one can still define £5 over Ms, as well as a gluing map 
gls, but gls is injective and locally diffeomorphic if and only if S is stable. 
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6.1.2. Gluing stable components. Let Sx '■= (V, Fl;pr, g) be a stable stratum data. 
Here we assume that the forgetful map S := u (Sx) and Sx have the same tree 
structure. Then ir p * coincides with the forgetting-the-map map: 

Fx :M Sx (X) ^M s , 

Let Cs x denote the orbibundle FxCs over Ais x (X). In local coordinates, an 
element in C$ x is given by a triple (u,j,p). Consider the bundle map: 

c 

%t x ■ £s x -> £s, (u,j,p) H> (j,p). 

The gluing consists in constructing, compatibly with Wpt x , a J-holomorphic map 
with domain gls(j, p) out of any (u,j,p). More precisely, the following holds: 

Theorem 6.3. ^[2], \TT\) For every proper subset Ux C M.s x (X), there exists a 
constant, ex > 0, and a locally diffeomorphic map: 

Gls x '■ £-Sx,£x,Ux : = C *s x ,e\ Ux -+M 0>l (X,A), {u,i,p)^Gl Sx (u,j,p), 
such that 

(6.2) Wpt o G/,s x = 5/5 o Wpt x . 

Proof: We give a sketched proof of this theorem which serves as a guiding principle 
when gluing pseudo-holomorphic curves. This is done in several steps. 

Step 1: pregluing. Here we construct an approximatively J-holomorphic smooth 
map out of (u,j,p) G C* Sx . For v G V let u v : Y] v — y X denote the corresponding 
component of u. Also, for an edge efji of Sx with pr(/) = v and pr(/') = v' , let 
y v y denote the corresponding node on S. Let p vv i G C*, defined by (|6.1j) . denote 
the gluing parameter associated to y v y. Furthermore, let /3 : H. — > [0,1] denote a 
smooth cut-off function with uniformily bounded derivative, |/3'(r)| < 2, such that 
/3(r) = if r < 1 and /3(r) = 1 for r > 2. The pregluing of (u, j) toit/i parameter p, 
is the smooth map, 

= Pgl X («J,p) : S p -> X, 
defined as follows: for each v G V, for every v' £ V such that vEv' , 



p vv > := u v (y v y) = u v '(y v>v >) if z G Df(rJ v , )\Df(rJ v , ), 

ex Pjw f/?(k|/r;/f)(exp-i ; «„(*))) if. G D f (2r%)\D f (r%) 

.«P,w (^(^/NDCexp-^ iv(pA))) 6 D f (r%)\D f {r%/2) 

and coincides with Uu(.z) away from the annuli above. Here we need to assume 
p small enough, so that the discs Df(Art^f) are sent under u v in a normal neigh- 
bourhood of p vv i . Note that the mapping pgl^ is continuous with respect to p. 

Estimates from the pregluing. The following estimates are all standard and their 
proofs can be found in [T7j, [2]. The first estimate tells that u p is approximately J- 
holomorphic. The second gives a quadratic estimate ensuring existence and unicity 
of the gluing map. Finally, the third is needed to derive that the constructed gluing 
map is locally diffeomorphic. 

Lemma 6.4. Letp > 2 an integer, and Ux a proper open subset of M,s x (X). There 
is a uniform (with respect to p) constant c x such that for every (u, j) G A4s x (X): 

(6.3) \\d Up \\ L oo < c x , \\dju p \\ LP < c x \p\ 1 / 2p . 
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Consequently, there is a uniform constant c x such that 

(6.4) \\N x (d) - <(6)Hl P < tfiMiWwi* + 11611^)116 - 

where N x denotes the non linear part in the Taylor expansion of dj at u: 

N?(0 = djexp u Z-dju - D x £, £ G W 1>p (u*TX). 
Finally, let ut := {(u v t, Uv't)}vEv'> t £ [®i v ) be a path in B x p , with 

d 



C = {{Cv, (v')}vEv> ■■ (jl 



t=0 



Let u P: t denote the corresponding path of preglued curves and set (, p := ^\ t _ Q u Py t- 
There is a uniform constant c x such that 

(6.5) \\C P \\ L i, P <c X \\(\\ Ll , P and \\D X ( p \\ LP < \\D X (\\ +c X \p\ 1 ^. 

In particular, if Ut is a path of holomorphic curves, i.e if £ is in the kernel of D X Q , 
the first term of the right handside of the second inequality vanishes. 

Step 2: Right inverses. The gluing operation will give a holomorphic map with 
domain T, p obtained by perturbing the preglued map in directions that are transverse 
to the kernel of D x , i.e lying in the image of a uniformily bounded family Q x of 
right inverses for D x . Below we sketch the proof of the following (for details we 
refer to [17]): 

Proposition 6.5. Let p > 2 and Ux us before. There exists a uniformily bounded 
family Q x of right inverses for D x , i. e there is a uniform constant c x such that 
for every (j,u) £ Ux-' 

(6-6) \\QuA\w^ <c X \\v\\lp. 



Proof: First, one constructs an interpolation w p := {u v>p -x v ^x} {vev\ between u 
and i 

(6.7) 



and u p as follows: for v 6 V 



Uv ._ \ u p( z ) if Z G ^v\{j WlvEv '} D f(. r l^)^ 

[u v (y v,v') — Pw' otherwise. 

where / is the flag in pr _1 (t>) associated to the edge between v and v' . As as p 
goes to 0, the "flattened" map u v>p converges to u v in W 1,p norm. Thus, D x v 
converges to D x v in the operator norm, and since D x v is surjective then D x v also 
is. As a result, D x p is surjective. Therefore, D x p has right inverse which can 
be chosen uniquely by requiring that its image lies in the L 2 -orthogonal complement 
of ker D x p . Moreover, Q^, p is uniformly bounded. Next, we construct a quasi right 
inverse R x for D x out of Q x , defined by, 



(6-8) K p : S X]Up -+ X x * Up , ^roQ^o A( V ). 

We give the definitions of A and T. For vEv', with corresponding edge e/ //, recall 
that Sp(/, /') is obtained by patching together the annuli Af and Af>. Consider 
the circles in T, p corresponding to the circles 

{-R vv >/2} x M/2ttZ ^ {Rv V '/2} x M/2vrZ, 

and let C be the union of all these circles. Consider the biholomorphism (onto its 
image) , 

■Kp : E p \C ->■ S, 
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defined as the identity map outside the annuli Afj> := Af ~ Af and given by: 

z f if \z f \ > \z f ,\, 



ir p (z f ,z f ) :-- 



z f si \z f >\ > \z f \ 



Observe that, 



Now set, 



u 



p ■- 



w p o TT p on E p \C, 

UviUw') = Uv'iVv'v) = Pw' on C. 



A : LP(AJ 1 (E p ,«;TX)) -> LP(AJ 1 (S,«;;TX)) j r/ ^ 



(vr*) ^ on Im(vr p ), 







otherwise. 



Next, we define T. Set £„y := £(y v ,v') an d /3 r ,(z) := /3(41og |z|/logr OT '), where /3 
is a cut-off function as before. Then T is an interpolation between and 



pi 



where 



^(z/) + /3 rw (z/)(^(z//) - ^y) when < < (w) 1 / 4 
£p = otherwise. 



It follows from the estimates (|6.10p in Lemma [6.6l below that the maps are D x p R x p 
is invertible for small enough gluing parameters. Consequently, 

(6-9) < :=<(«) _1 

is the unique right inverse for D x p having the same image as R x . □ 

Right inverses estimates. The first estimate below gives the invertibility of D x R x . 

The second estimates how the right inverses Q x p vary along a path in B^f of preglued 
maps, which is needed to show that the gluing map is locally diffeomorphic. For 
detailed proofs we refer to [T7] . 

Lemma 6.6. Let p > 2. The operator R x p depends smoothly on (j,u,p) and there 
are constants C x and C x independant of p, such that: 



(6.10) 



C x 



l«,-^< |log|p||1 _ 1/pl 



qx 

v\\lp, \\Ru p v\\w^? < — \\v\\lp- 



Moreover, let {ut}te[o,v) be a path of stable maps, with(:= ^L-n^t- Let {u P ,t}t<=[o,v) 
be the corresponding path of preglued maps, with u p := u p . there is a uniform 
constant c x such that 

„ d 



(6.11) 



dt 



QuJ\<c x \ 



t=0 



Proof: We only give the proof of estimate ()6.11|) . 



d 
It 



t=0 

On one hand, 



R u p Ai D u p Ru p ) l + R u P i ( D u p , t Ru p J 1 - 

t=0 / " t=0 



R 



t=0 



X 

u p,t 



"I 



t=0 



< Ml 
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since, by a standard argument, || jft\ t=0 Q X Jl ^ s bounded above by C'HCII v^ 1 ^ f° r 
some positive constant C (see |17J). On the other hand, 

(«) J t 



t=o 



( D u p , t R u p<t ) 1 - -( D u p Ru p ) 1 ( J t 



t=o UL 



t=o 



R u P .t 



But the norm of derivative of D„ is bounded and the estimate follows. □ 

pit 

Step 3: the gluing map Gls x - Let Ux be a proper open subset of Ais x (X). Let 
Bs x (0) denote the 5x £ K + neighbourhood around the 0-section in £ X (J). Also let 
Bs x ,u p (0) denote the corresponding ball in £ Xu (J)- Then, for each (u,j,p) we can 
find a unique element 

(6.12) f X (u,i,p) G B Sx>Up (0) C D>(A /(S 2 ,u* p TX)) 

verifying: 

(6-13) dj(exp Up Q x (f x ( U ,j,p)))=0. 
The gluing map is then defined by 
(6.14) Gl Sx : £* Sx ,e Xt u x "> 

(«J,p) !-»■ (jp, exp Up Q J (/ X (n,j, p))). 

for some positive constant ex given by the Implicit Function Theorem below. Note 
that we directly have the commutativity (|6,2p . Also, note that in reality, the gluing 
map is defined on local uniformizing system for Cs x ,e x ,u X i but since Sx and S are 
stable, the gluing is invariant under Aut(j), hence well-defined after quotient by the 
reparametrizations. Existence and unicity of f x {u,j,p) are given by the following 
standard parametric version of the implicit function theorem, see |17| . 

Implicit Function Theorem. Let p > 2 and let c x denote the positive constant 
in (I6.4p . There is a constant ex such that, for every (u,j,p) G £-s x ,e x ,u x w ^ have 
a uniform positive constants 5x, £ X > an d c 2 > verifying: 

\\dju p \\ LP < ef , \\Q X p \\<c x , ef<<W4, ef < (8cf (c?) 2 )' 1 

and a smooth map, 

f X ■ £s x ,e x ,u x -> B Sx (0), 
such that f x (u,j,p) is the unique solution to (|6.13p . Furthermore, 

\\f X (u,3,p)\\ LP <2ef. 

Proof: The constants ef and c x are given by the estimates in Lemma 16.41 while 
c x is given by Proposition 16.61 Consider the Fredholm fibered map: 

F x : { V g\ X yTB x £ P X (J), ((u,i,p),0 ^ F x . jp) (® := ^ p (0\A^Pu^), 

where <3?x is the parallel transport induced by the hermitian connection induced 
from the L-C connection V TX with respect to gj. When £ = 0, this map coincides 
with dj pi ju p so that 

For every x := (u,j,p) G £s x )(EX .[/ x , we want to find f x (x) in &x x (J), such that 
F x (Q x f x (x)) = 0, in other words such that 

= F x (0) + f x (x) + N x (Q x f x (x)), 
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where N x is the non linear term of the expansion of F x around £ = 0. Consider 
the family of operators 

H x : £ X JJ) -+ £ p X;X (J), n -> -F*(0) - ^(Q^j). 

We have 

||^(r?)||L, < ||i^(0)||L, + ||^(Qfr?)|| LP < ef + cf (c* ) 2 |M|| P 

so that i7 maps the ball 5«5 X (0) into itself whenever ef + cf(c x ) 2 8 x < Sx- This is 
realized when ef < 5x/^ and 4cf(c x ) 2 ef < 1/2. Furthermore, 

\\H x ( Vl ) - H x ( m )\\ LP = \\N x (Q x m )-N x (Q x m )\\ LP 

< 2cf {cffSxWm -mWup 

< \\Vl -V2\\ LP- 

Thus, H is a contraction map so that existence and uniqueness follow. One can 
further show that the map H defines a contraction from B 2t x(0) to itself, when 

4cf (c x ) 2 ef < 1/2. This gives the estimate \\f X {x)\\ L p < 2ef . Smoothness of f x 
follows from implicit function theorem since DF X (Q x f p (x)) is an isomorphism 
from Q X (8 P X (J)) to E P X (J). □ 

Next, we prove that Gls x is locally diffeomorphic: we show that there is a proper 
open subset U' x C Ux and a positive constant 5 X < 5x with respect to which the 
map Glx\u' x is a diffeomorphism onto its image. 

Fix (uo,j,po) i n £% x £x u x an< ^ se ^ u po ^° ^ e ^ ne corresponding pregluing. Let 
W be an open neighbourhood of in W 1,P (S 2 , u* Q TX). Furthermore, let U\ be 

the image under pgl x of a neighbourhood Uq of (uo,j,Po)- We decompose Gls x as 
follows: 

u ^ u x ^ m x b Sx (o) A w cx > M 0Jl {P) 

where ^(u p ,rj) := £ p + Q x p r), and exp u ^ £ p = u p . Note that the pregluing map is 
locally diffeomorphic. Also, for any path u Pt starting at u po , with derivative £ at 
t = 0, differentiating the equation 

= d jUpt + f x { Upt ) + w£(Q* 

and using the estimates proved so far, one obtains the estimate: 

This ensures that for small enough gluing parameter, the differential of the gluing 
map is well-defined. Therefore it suffices to check that $ is a diffeomorphism. To 
prove this we identify W^ P {S 2 , u* TX) with ker D* LP(S 2 ,u* pQ TX) via the map 



^((id-Q* po D*j(;,D* o O, 



<D(u p , r,) = ((Id - Q X D x W Up + Q X oV ), D x (L + Q x r,)). 



and then rewrite <E> as 

1 pi r l) — \\ ±lAl ~ ^Upg-^Upg ASUp "T ^£u p 'l)i ^u P0 W 

Then, D x $ (Upir ,) = Id + K {UptV) where 
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Hence we deduce from corollary 16.51 and lemma lB.lll that for proper susbet V C U 
and 5i < 5, the operator D is invertible for any (u p ,rj) G U' x 5^(0), and 

that 

P X $ K ,,)||<2. 

For the injectivity of let N(^ p ,r]) be the non linear part in the expansion of 
$(n p ,7?) around (u po ,0). Then, 

N X (H P ,v) = ((Id-Q^D^jQ^D^Q^n-v). 

By standard arguments, for (C pi ,r]i) and (^,7)2), the following estimate holds, 

\\N x {^m)-N x (^m)\\ P < c(||(e / , 1)7 7i)lli ! p+ll(ep 2 ,%)l|i,p)(ll(^ 1 -^ 2 ^i-^)||i, P ) 

Assume that $(^,771) = $(u P2 ,r? 2 ), for (u Pl ,r/i) / (u P2 ,rj 2 ). Then, 

ll^*(« PO ,0)(epi-e W ,^-%)Hi» = ll^ X (C P1 ^2)-iV X (Cp 2 ^2)||LP. 

Since ||(£ Pl — £, P2 , r li ~ 7 ?2) II vk 1 >p > by assumption, we have, 

0< \\D x <$> {Upo M\ L v < C(||(e pi ,7 /1 )|| lj , + ||(^ 2 ,r72)||i,p), 
which is impossible for small enough (£ Pi ,7^), i = 1,2. □ 

As such, the construction above still applies when the domain is not stable, nev- 
ertheless: 

• the obtained gluing maps are only defined at the level of parametrized maps, i.e 
before quotienting by Aut(j) even though these maps are Aut(n, j) equivariant. 

• so far we have parametrized our gluing maps according to the gluing for the 
domains, but the gluing for nodal surfaces is neither injective, nor locally diffeo- 
morphic in the unstable case. Therefore, we can't treat the gluing parameters p 
as parameters. 

The problem is to find a slice for the action of the group of reparametrizations of 
the domain. 



6.1.3. Gluing unstable components. Let £ Aig x (X), and let v G V be a vr p4it - 

unstable component. Note that |t>| > 2 is possible. Following Chen-Li [2J, we 
describe the notion of balanced component when |?j| < 2. For the commodity of the 
readers, we furnish the details below, as it will be generalized to the case of general 
base B. Let tr = C C G denote the subgroup of translations and let m = C* C G 
denote the subgroup acting on S 2 = C U {00} by complex multiplication. Then the 
semi direct product Q := t x m, acts on C by: 

(m, t) £ G, (t, m) ■ z := m(z — t). 

\)Balanced maps. First assume \v\ = 2. Upto the action of m, the component v can 
be parametrized by CP 1 with special points = [1 : 0] and 00 = [0 : 1]. Identify 
S t) \{oo} with C. The parametrization is balanced if: 

\\dufdvolS 2 = h 

I<1 

where h denotes the minimal energy of a non-constant pseudo-holomorphic map in 
X. Next, when |?j| = 1, upto the action of G, the component v can be parametrized 



2X 
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by CP 1 such that the special point is oo. Identify S t) \{oo} with C. The parametriza- 
tion is balanced if f)6. 15j) holds and if the center of energy of u is 0: 

(6.16) J z\\du\\ 2 dvolS 2 = 0, where zeC. 

We will say that u is centered if it is the case. The 7r p t t -unstable component E„ 
with balanced parametrization is called a balanced component. Recall that the 
reparametrizations of a ^p^-stable component is of finite order. Here the reparama- 
trizations of a balanced component is given by S 1 . Note that the neighbourhoods 
of the special points in a balanced parametrization for £„ can be put in standard 
cylindrical coordinates: for oo, 

[0,oo) x R/2itZ £>*(roo) : (s,t) ^ e s+it 

while for 0, 

(-oo,0] x R/2nZ ^ D*(r ) : (s,t)^e s+it . 

To each unbalanced map u v : Yj v — y X smoothly corresponds a unique element 
4> h x {u v ) € Q consisting of the pair of translation and real dilation such that: the 
center of energy of 

(6.17) u\ := u v o (cf> b x ( Uv )) 

is zero; half the total energy of u h v lies in the unit disc around zero. Let Mq ^X, A v ), 
i = 1,2, denote the sets of balanced J-holomorphic maps representing A v with one 
and two marked points. The map u v i— > u b sends an orbit of Q to an S 1 orbit 
where S 1 acts by rotations around the origin, hence we have the following natural 
identifications: 

M 0>i (X,A)^M b 0ti (X,A)/ S\ i = l,2. 

More generally, we say that G Ms x (X) is balanced if each of ir p t, -unstable 
component v with \ v\ < 2 is balanced. Let Aig (X) denote the subset of all balanced 
stable maps, and call it moduli space of balanced J-holomorphic maps for Sx- On 
Aig x (X) the action of the reparametrizations reduces to the action of Aut^ ed : 

(6.18) Aut£ d (S 1 ) 1 ^ 1 x Aut(5x). 

where V& C V denotes the subset of 7r p ^-unstable components v with \v\ < 2. From 
the discussion above we have the identification: 

(6.19) M Sx (X) = M» Sx (X) I Aut* d . 
Next we define the gluing maps for balanced curves. 

2) Gluing balanced maps. Let S := S n tt (Sx)- Set S u := Tx(Sx) an d let Ais u 
denote the set of parametrized nodal curves having S u as stratum data. Let Cs u 
be the corresponding fiber bundle of gluing parameters. Also, let Cs x denote the 
bundle F x Cs^ over Ms x (X), and let C b Sx denote its restriction to M. b Sx (X). The 



forgetful map Tfff induces a map: 



(6.20) W pt Sx : C b Sx ^ C s , («,j,p)^(7fff(«,j),p st ), 

where p st leaves unchanged the gluing parameters between 7r p ^-stable components, 
forgets about all the gluing parameters of components lying in contracted branch and 
sends the gluing parameters of a connecting branch to the product of the parameters 
of the corresponding connecting chain. 
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Note that the group Aut^ ed acts naturally by rotations on C b Sx . Since we consider 
balanced parametrizations, p st is invariant under the reparametrizations of j and 

o 

7f p i x is well-defined after quotient: 



7T. 



pt '■ £-S x '■— ^S x / Aut red ~^ £ 



Now, by hypothesis (|6.2p . for any element of Ai b Sx (X), the linearization of the 
Cauchy-Riemann operator is surjective. It follows from Theorem 16.31 that for any 
proper open subset Ux of A4 b Sx (X), that we may choose to be Aut^ d -invariant, 
there exists ex > and a map 

Gl Sx :Z h S x ^ Ux ^M^{X,A). 

This map is Aut^-equivariant, thus the gluing map is well-defined after the quotient 
by the action: 

Gl h Sx : C% x ^ XtUx / kv^^M QjL (X,A). 

Note that the domain of Gig (u,j, p) is gls u (j,p)- Since S u is not stable, gls u is 
not injective nor it is locally diffeomorphic and p cannot be treated as a parameter 
anymore. Moreover, note that for I > 3, this gluing map takes value in Mo t i(X,A), 
while for / < 3, one needs to make sure that the image of the gluing gives a slice for 
the action of the automorphisms of S 2 with less than three marked points. 

Theorem 6.7. (Chen-Li [2]j Gig is locally diffeomorphic. Furthermore, 
(6.21) T?£oGl Sx =gl s oW^ x . 

Proof: The gluing among 7r*-unstable components is divided into two cases: (1) 
the gluing between a balanced component and a stable component; (2) the gluing 
between two balanced components. Let £„ and £„/ be the two components to be 
glued at the edge e/j/. We may write 

£„ = (S 2 , z f = 0, {x k }k=i,...,m) and E v > = (S 2 , z f , = oo, {x' k }k=l,...,m')- 

Then (1) and (2) can be deduced from: (a) T, v is -zivstable while S v / is not, m > 3 
and m! = 0; (b) both components are -nvunstable and m = m' = 0. 

Case (a). For simplicity we forget about the marked points on T, v . Let V Zf 
denotes a neighbourhood of Zf, then glgu sends the neighbourhood V Zf x C* of j 

to (5 2 ,oo). Let N Uo x V po denote a neighbourhood of (uq, po) in Ai Sx {X) x C|, in 

local coordinates for Cs x ■ We want to define a gluing map: 

Gl: Nuo * Vpo -+Moji(X,A). 
y 

By choosing a proper slice for the action of Q we can construct a well-defined gluing 
map, namely Gl b Sx , locally given by: 

Gl b Sx ■ N U0 j x V Zf x V P0 -> M ,i(X,A), 

where N Uo j stands for an S 1 slice in M. b s (X) fl (j) around «o- To see that this 
map is locally diffeomorphic, we compare it to a gluing map already encountered. 
To do this, use the identification of m with V po to obtain a new map: 

Gh : ^x{ Po }^M , l (X,A). 
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Next, add two marked points on the second component, {0} and {1}, in order to sta- 
bilize, and let 5x(2) denote the corresponding stratum data. Then N uo can be writ- 
ten as a product of V Zf with a neighbourhood N UQtZf of uq in F^ij) H M-s x (2){X)- 
Then we use the natural identification between t and V Zf in order to obtain a gluing 
map Gl'i defined on N UOjZ , x {zf} x {po}> which we know is diffeomorphic. This 
map is in fact C 1 -close to Gl s so that Gl h Sx is locally diffeomorphic. 

Case (b). We may assume that Zf = and zy = oo in the balanced parametriza- 
tions. This time T, v = (S 2 ,0) and S„/ = (S , oo). Furthermore, 

Aut(S) = Gi x Q% = (ti x mi) x (t 2 x m 2 ). 

Again Aut(S) acts on C* x , and we set Aut„</(E) to be the normal subgroup that 
fixes the gluing parameters under this action. Hence, Aut OT '(S) is isomorphic to 
ti x t 2 x C|, where C| := A _1 (l) and 

A : mi x 1119 — > m, (mi, m 2 ) h-> mi?n 2 . 

The complementary of C^ in mi x m 2 is denoted by C 2 and is naturally identified 
with C* x . The map Gig comes from a map on Ais x O^O locally given by: 

G^5 X : C/uo x T/ po -> M ,o(X,A), 

where U UQ denotes a Q\ x ^-invariant neighbourhood of ito G 7W5 X (X), and V^ is 
a neighbourhood of po £ ^ ne ma P ^ s obtained by choosing an appro- 

priate slice for the action of Aut(S) once we restrict ourselves to balanced maps. 
Quotienting by the automorphism group we get a map 

which we would like to take values in A^o,o(^ ; A)/ Aut(S 2 ). Using the identification 
between V Po and a neighbourhood of the identity in C 2 we get a new map: 

GZ5 - 1 • AuW(E) Aut(^) ' 

which is well-defined, locally diffeomorphic, and close to Gl b Sx . That this map is 
indeed well-defined follows since Aut TO '(E) and Aut(S 2 ) are locally diffeomorphic 
around the identity. 

Proof of (|6.2ip . First consider a contracted branch. It is connected to a unique Te- 
stable component. The subgraph is a tree with a distinguished root that is attached 
to the 7r*-stable component. We can parametrize each component T, v of the branch 
by CP 1 , such that the special point closest to the root is given by oo = [0 : 1]. By 
gluing from the farthest component to the closest, it suffices to consider the case of 
only one component attached to a root. But in that case, the glued surface j p is 
isomorphic to the domain of the root component for every small enough p, so that 
the forgetful map takes the corresponding glued maps to the same point. 

Now consider a connecting branch. Observe that we can treat the components 
that are not in the connecting chain in the same way as the the components of 
a contracted branch. Therefore we only consider the case where the connecting 
branch coincides with the connecting chain. This chain is connected to exactly two 
7ivstable components. The subgraph is a tree with two distinguished components, a 
root and a top that are attached to 7ivstable components. We can parametrize each 
component Y, v of the branch by CP 1 , such that the special point that is the closest to 
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the root is given by oo = [0 : 1], and the point that is farthest is given by = [1 : 0]. 
Let k denote the number of components of the connecting chain. By adding one 
marked point, say {1}, on every component of the chain, the resulting nodal Riem- 
mann surface j' becomes stable. Then for every p, the gluing T, p is obtained from 
Tj' p by forgetting the added marked points. Note that each such choice of point {1} 
fixes one gluing parameter on each component of the chain. For p = (p\, ...,pk+\), 
starting from the top, we can fix all gluing parameter a fixed small po, except for 
the gluing parameter associated to the root and the 7r*-stable component, which is 
then given p the product of all the pi's. Now, and £~ are isomorphic since they 
are both realized by gluing on a cylinder of length ^ log \ pi\. □ 



6.2. Gluing for general B. It is completely parallel to the special case B = pt 
treated above. We mainly point out the differences. Let Sp := (Vp, Flp; pr P , gp) be 
a stable stratum data for M.qj(P, a), and let Sp '■= (Vp, Flp] pr s , gp) be its image 
under S nt . Also let S denote the image of Sp (or Sp) under the forgetful map. 

6.2.1. Pregluing. Let (u,j) be a Jp-holomorphic stable map in P, representing the 
stratum data Sp. We show that the pregluing of (uj) projects under ir to the 
pregluing of (7r(u),j) with same gluing parameter: 

Lemma 6.8. For every (u,j) stable map, and gluing parameter p: 

vr(up) = 7r(pgl p (u,i)) = pgl B (7r(u),j) = tt(u) p 

Proof: Assume for simplicity in the notations that \V\ = 2 with elements v and v' 
and let efj> be the corresponding edge. Set 

£„0) := exp"*, u v (z), £ v >(z) := exp^, u v <(p vv ,/z), 

and let /3 + and /3~ respectively denote the functions f3(\z\/r* v t) and /3(r^ v f /\z\). 
From (|2.1j) we deduce that on £„, 

vrK) ifz€E„\-D/(2r^, 4 ), 
7r(p w ') = 7r(u„(y„y)) = 7r(u v >(y V)V >)) if z G P>f{rl / J)\D f (rl / v t) 

e x Pn( Pvvf ) (P + ** Pvv M z ) + P~** Pvv ,ZAzj) otherwise. 

We can rewrite this last expression as follows: 

ex p-b^) (^ +ex p^L') (7r(uw(z))) + /3 ~ ^Kip^^'tp^'/^y 

so that tt(u p ) coincides with the pregluing tt(u) p . □ 

Remark 6.9. The map obtained is not the pregluing of the stabilized map 7f(u, j). If 
u is only made of 7r*-stable components, these two pregluings coincide. Furthermore, 
Up may not necessarily lie in the restriction P\^r u \, e.g if u has only one 7r*-stable 
component u$. Nevertheless, we will see that the glued map projects to it{uq). 

Let p > 2 and let (j, u) G Ais p (P). Here are some estimates that follow directly 
from Lemma [6.41 in the B = pt case. From (16. 3|) there are uniform positive constants 
c B and c v such that: Hc^Dl 00 < c v , ||d7r(u)p||L°o < c B , and: 



tt(u p ) 



J P u p ) v \\ L P < c"\p\ l ' 2 P, \\dj B K{u)p\\ LP < c^lpl 1 



/2p 
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Moreover, by definition of gj p : 

\\du p \\ L p < \\duB, p \\iA> + \\du v p \\ LP , 
hence there is a positive uniform constant c p such that: 

(6.22) \\du p \\ L oo < c p , \\B Jp u p \\ L v <c p \p\^ 2p . 
Also, from (|6.4p there is a uniform positive constant cf such that: 

(6.23) ||<(£i) -N P M 2 )\\ LV < cf (Ui\\ w u P + ||6II^)II6 - £ 



2\\w 1 'P- 
l.p 



Furthermore, from (|6.5p . if Ut := {(u v t,u v ' t )} v Ev' , t G [0)^) is a a path in Bp P , with 
C := ^ lt=o n *' anc ^ ^ u p>* ^ s * ne corresponding path of preglued with Cp := \ t=0 u p,t, 
there are uniform constants c p and c 5 such that c B < c p and 

(6.24) HCpll^ < c P ||C|Ux„, \\D P pfi C p \\ LP < IKCII +c P |p| 1 / 2p , 
and 

(6.25) ||7r»CplUi* < c B ||7r*CIUi,p, ||^ (ttpi0) 7r,Cp||LP < Pf( U0 )Vr*Cll + c B |p| 1/2p . 

6.2.2. Right inverses. We give the description of right inverses for D P which are 
induced by right inverses for and right inverses for D B ,\ . By assumption 

and are surjective and we can therefore consider their unique L 2 -orthogonal right 
inverses Q B ^ and Q v a , with respect to gj B and g,j. Set 

\B \h 



3.26) Q p := ( (Q ^) } ° 



From the matrix expression (j3.2j) for D p we get 

(, 27 , flf . flf :. flj o ( £ ) - ( ^ (gJ ,» + ,° ) , 

where L is given by ()3.3p . Thus Q p is a right inverse, if V : (£ P )l -»• (Ar P )2 verifies 

L u o(Qf (u / + J D>L; = 0. 
A natural choice for L' is L' = -Q v o Lo {Q B ) h . 

Remark 6.10. By definition, L u is bounded. Namely, \\L U \\ < C" for some constant 
C" depending on || J||c*i, [|d«[|i,°c, and 



The following is immediate. 



Lemma 6.11. Let be a right inverse for D£ and suppose Q^r u \ and Q° u are as 

above . Then L' u is uniquely determined by (|6.2.2p and the requirement that Q p has 
for image the I? -orthogonal complement ofkerD P . In this case, 

L' = -QloLo{Q B {u) f. 

In particular if \\Q B ^\\ < C h and \\Qu\\ < C v , for some positive constants C v and 
C h depending on \\du\\ L oo , then \\L'\\ < C h C"C v . 

Remark 6.12. The L 2 -orthogonal complementarity condition is a commodity as- 
sumption. The lemma above still holds for different choices of right inverses as long 
as we ask that the image of Q p is given by the images of Q B and Q v . 
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Let p > 2, and let (j,u) £ Ais P {P)- From Assumption 16. 2\ Lemma [6.61 and 
Proposition 16 . 51 we have uniform constants, c B and c v , and right inverses Q B / U \ and 

Ql P fOT D n(u) P and D u P ^ch that: 

(6.28) \\Q* {u ) p v\\w^ < c B \\v\\ LP , WQlrflvn* < ^WvWlp. 

Similarly to Proposition 16.51 we have: 

Proposition 6.13. There exists a constant c p independant of p and right inverse 
Q p for D p such that for (u,j) G Ms P {P): 



(6-29) Q P p : 



iB \h 

r(u) P > 




and such that 

(6.30) \\Q P p v\\w^<c P \\v\\lp. 

Proof: The right inverses Q B ^ and Q v Up are obtained from quasi- inverses R B ^^ 
for D B f \ , and iff for DZ , constructed as in (16.80 . Prom these we construct a 

7V[u)p' tip "p 7 s y 

quasi-inverse for D B p \ 

(6.31) <:^-^©^;; 4; P - 4s> 

(17* if) ^ ((^tt^^ + LJ/,^^)- 

In fact, 

(6.32) R P p :=ToQ P p oA. 

where w p , A and T are defined as in the B = pt case. Note that V and A preserve 
the splitting induced by the Hamiltonian connection on TP, hence they have the 
following matrix representation 

A k \ = / T h 

A" J \ T v 

It follows from the matrix form of Q p that 



A = 



r p I r W(w P ))^ W< 

«* ^ -r^Q^L Wp (Q^ (Wp /A^ r»^A« )~\K K 

we end up with the desired expression for R p ■ Note that R B = dir o j? . 

We show that i? p is bounded and that D p p R p p is invertible for small enough 
gluing parameters: 

C p C p 
\\D P p R P p V ~ v\\lp < | log | p ||i-i/p lMU"' \\ R uM^p < —\\v\\l p , 

for uniform constants C^and C p . But from Lemma 16.61 there are unuiform con- 
stants, C B , C B , C v and C v , such that: 

C B C B 

\\ D u B , P R n B ,^ ~ ^ |iog| p ||i-i/P ll??l|LP ' W R * B , P v\\w^ ^ —Mlv 



and 



\ D u p K p v - v\\lp < Moguin-i/p ll 7 ?!!^' IIK^IIv^ < -yMk*- 
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Set £ p = R p p r] and suppose without loss of generality that \V\ = 2, and let V = 

{v, v'} with edge efji. Outside the patched annuli Df(r^ v f)\Df(r^ v f), we have that 
£ p = £ = Q p p r] and u p = w p which implies that D p p t; p = f]- Therefore, the desired 
estimate for R p is trivially realized on this part of the curve. Then, it suffices 

to understand what happens on Df(r^ v f)\Df(r^ v f). In that region u p and w p are 
constant with value p vv >. Hence, D p , D P v and D p t coincide with the standard 
Cauchy-Riemann operator: 

( (dj B (.( Pvv ,))) h \ 



o dj. 



7r(p 



Furthermore, L R must vanish since L Wp vanishes pointwise. Then, the result follows 
from the estimations of R B and R v : the first estimate in (16. 32ft is obtained by 
choosing C p > max(C s , C v ), and the second by taking C p > max(C' B , C v ). 
Hence, D P p R p p is invertible for small enough gluing parameters and we set: 

Qu p '■= R u p (. D u p R u p )~^ '■ 
Now D p R p is of the following form: 

Lip lip <~> 

D h R h 



DR : 
where 



L D p RP D V R V 



L DPRP,u p ~ L u p R Up ~ DVTV Qw p L w P (Qn(w) p ) A ■ 

Furthermore, 



P»P,-i._f (D h R^ 

L [d prp)-i := {D-R")- 1 L DR {D h R h )- 1 {D"K>) 



(D P R 




Since all the operators involved are lower triangular we must have that 

QP ._ I (Qn(u) p ) k 

Qup ^ K p 

We identify L'^ . To simplify notations we will omit the u p subscripts and we will 

set (D B ) h = D h . Again, L Wp vanishes in the region Df(r^ v f)\Df(r^ v t), so that the 
image of L Wp must lie in the image of A v . Now this latter map is injective therefore 

L R = -RV(An- 1 L Wp (Q B Mp ) h A h . 

A simple computation then gives: 

L" = L R (D h R h r 1 + R V L {DPRP) -, = -Q v LR h (D h R h )- 1 = -Q v L{Q B ) h - 

□ 

Finally, let {u t } t e[o,v) be a path in B 1 / ', where ( := jt\ t=0 u t- Let { u p,t}te[o,v) 
be the corresponding path of preglued curves, with u Pt o =: u p . There are uniform 
constants c B and c p such that: 



(6.33) || | 



Qn(u pt )W ^ C B \\TT*(\\ w i, P , (I ^~ 
t=0 ' ab 



QL t \\<^U\\w^- 



t=0 
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6.2.3. Gluing stable components. We assume here that both S w „ and tt f preserves 

—S —S 

the tree structure of Sp. Then W f = Tp, tt f = .Fp and 

*S P : -M Sp (P) -> M Sb {B), (u,j) (u B : = vr(tt),j). 

This induces a map between orbibundles: 

Wsp~ : C Sp := TpC s -> £s B := -Fp^S (w>j>p) ^ (tt(«)J,p)- 

Let C/p C -Ms p (P) and £/p c M-s B (B) be proper open subsets such that Ws P (Up) = 
Up- To simplify the exposition, we assume that the maps involved do not have 
automorphism. If not so, the gluing maps Gls P and Gls B obtained below, are 
actually defined on local uniformizing systems for neighbourhoods W p and W B 
around the stable (holomorphic) maps (u,j) and (7r(u),j), which are compatible 
with the projection Ws P - 

From Theorem 16.31 there exists a positive constant e b , and a diffeomorphism 

Gl s B £s B ,e B ,U B -> M ,i(B,a B ), (u B ,i,p) i-> Gl Sp (u B ,j,p). 
Similarly to Theorem 16.31 we have: 

Theorem 6.14. For small enough positive constant ep, there is a diffeomorphism: 
Gl s P ■ £*s P ,ep,Up -> M ,i(P,a), (n,j,p) (->• Gl Sp (u,j,p), 

such that: 

(6.34) WoGI Sp =GI Sb oWJ;. 
Proof: First, recall that for (ir(u),j,p) G C* SB ,e B ,u B i 

Gls B (ir(u),j,p) = (j /3 ,exp 7r(u)p Q B {u)p (f B (ir(u),j,p))), 
where f B is as in f|6. 12|) : 

/ B (vr(n),j,p) G B w(tt) ,(0) C L^A"' 1 ^ 2 , 7r(n)*TB)) 

for a positive (uniform) constant <5p given by the Implicit Function Theorem. From 
the estimates f)6.22j) . (|6.23p . (|6.30p . Implicit Function Theorem applies here, and 
there are uniform constants ep and <5p, and a smooth map 

f P ■ £sp,ep,u P -> B$ p (0) 

such that 

f p (u,i, P ) g ^ P , Up (o) c d>(a°/(s 2 ,u;tp)) 

is the unique solution to <9j p (exp np Q P p (f p (u, j, p))) = 0. Then the gluing map GZs p 
is defined by; 

Gl Sp (u,j,p) = (j p ,exp Up Q P p (f p (u,j,p))). 

The proof that this is a locally diffeomorphic is verbatim the proof of Theorem 16.31 
using the estimates (|6.24|) and ()6.33p . 

Next we show (|6.34p . We begin by showing that 

d-Ko f p = f B oW Sp . 
By Lemma IBTHl tt(u p ) = ir(u) p . Let £ p denote Q p p f p (u,j,p). Then, 

7r(exp„ p (£ P )) = exp 7r(u)p dvr(£ p ). 
Since £ p is the unique solution to dj p exp Up (£ p ) = 0, we deduce that 

dj B ex P7r(u)p dir(£ p ) = 0. 
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Moreover, 

^ := d7r(e P) = d^QPjPiu^p)) = QZ {u)pd7r (f p ( u ,i,p)), 

implying that £ B is in the image of Q B B , so that di:(f p (u,i,p)) is in the image of 
f B (by the implicit function theorem and choosing 5p smaller than <5g). Finally, 

W(Gl Sp (u,j,p)) = ir(exp Up Q P p f p (u,j,p)) 

= exp 7T(u)p {dir(Q Up f p (u,lp))) 

= ex Pw(u)p (Qf (u)p / i3 (7r(n),j,p)) 

= Gls B (7r(u),i,p). 

□ 



6.2.4. Gluing: the unstable case. Let (u,j) £ M.s P (P), and let v £ Vp be a -nv 
unstable component. Again, \v\ > 2 is possible. Generalizing the approach in [2], 
we describe the notion of balanced component when \v\ < 2. 

1) Balanced maps. First assume \v\ = 2. In this case u v ~. Y] v — y P can be 
parametrized by CP 1 with special points = [1 : 0] and oo = [0 : 1]. Identify 
S t) \{oo} with C. If ir(u v ) is non-constant, we say that u v is balanced if it is hori- 
zontally balanced, i.e if ir(u v ) is balanced in the sense of (|6.15p . On the other hand, 
if tt(u v ) is constant, we say that u v is balanced if it is vertically balanced, i.e if half 
the vertical energy (h v ) of u v is contained in the unit disc around 0. 

Next, when \v\ = 1, X„ can be parametrized by CP 1 with special oo = [0 : 1]. 
Identify S l ,\{oo} with C. If ir(u v ) is not constant, u v is balanced if it is horizontally 
balanced as in the \v\ = 2 case, and if u v is horizontally centered, i.e if the center 
of energy of tt(u v ) is zero. If ir(u v ) is constant, we say that u v is balanced if it 
is vertically balanced as above, and if vertically centered, i.e if the mean value for 

\\ d <\?gj p is zero - 

For i = 1,2, let M$(P, a v ), resp. M '^(P,a v ), denote the set of horizontally, 
resp. vertically, balanced Jp-holomorphic maps with i = 1 or 2 marked point 
representing o~ v . In order to simplify notations, Ai b 0i (P, a v ) will designate the set of 
(vertically and horizontally) balanced Jp-holomorphic maps with i marked point. 
When 7r*cr„ ^ 0, the projection tt naturally induces a map: 

(6.35) vr : M b Q>1 {P,a v ) = M b £(P,a v ) -> M b 0>i (B,7T,a v ). 

As in the B = pt case, there is a natural smooth surjective map between the moduli 
space of holomorphic maps to the moduli space of balanced maps, u v \-t u b , where 
u h v is given by fl6. lTf) . and it is not hard to see that 

(6.36) ir{u v ) b = 7r(u b v ) if n*a v + 0. 
We conclude that 

M ,i(P, <r v ) = M b 0:i (P, G v )j S\ i = 1, 2, 

and when ir^a ^ 0, the map tt in (|6.35|) descends to the (expected) map: 
vf : M ,i(P, cr v ) -> M 0ti (B, ir*a v ), i = 1,2. 

Finally, we say that (u,j) £ M.s p (P) is balanced if each of its 7r*-unstable com- 
ponents u v with \v\ < 2 is balanced. The corresonding moduli space of balanced 
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Jp-holomorphic maps is denoted M b Sp {P). Similarly to (IfTToD . we have a natural 
identification, 



where Aut^, rf denotes the group of reparametrizations acting on Ai b s (P) (see (|6.18p ). 



and descends to irs P '■ M.s P {P) — > -Ms B (B) after quotienting by the reparametriza- 
tions. 

Remark 6.15. Let P denote the bundle (S 2 x S 2 ,loq + ujq) over the base B := 
(S 2 ,uo), where loo denotes the Fubini-Study form on S 2 . Here it represents the 
projection to the first factor, Jp is the product complex structure. Consider the 
holomorphic section u(z) = (z,z + 6). A simple computation shows that ir{u) is 
balanced (the map z 4 az + 6 is balanced if and only if \a\ = 1 and 6 = 0). In 
addition, one sees that u(z — b) is vertically balanced. Note that if we had adopted 
the definition for balanced maps in P with respect to the energy density H^itH^ , the 
mapping (|6.35p would not necessarily exist. Indeed, the map u(z — 6/2) is balanced 
in this sense, but projects to z — 6/2 which is not balanced. 

Finally, had we defined a balanced map in P as being both horizontally and 
vertically balanced, the compatibility (|6.36p may not be realized. For example, 
consider the maps u(z) = (z, az), for a £ M + , with a / 1. Then the center of energy 
of u is 0, so that it is horizontally balanced. However, the map is not vertically 
balanced, and if h h denotes the energy of the projection tt(u), then the energy of u 
in the unit disc around is given by h h + 7r(l — j^z), which gives h if and only if 
a = 1. 

2) Gluing of balanced maps and compatibility. Let Sg and S u respectively denote 
the projections of Sp under 7r* and J- p. These stratum data are not stable here. 
Note that Sg and Sp have the same tree structure but the homological data for 
is the projection of the homological data for Sp under 7T*. 

Let Cs P and Cs B denote the bundles of gluing parameters over the balanced 
moduli spaces M. b Sp (P) and M b SB {B) obtained by pull-backing £$u under Tp and 
Tp respectively. Consider the bundle map lifting Ws P : 



where p st denotes the stabilization of p with respect to 7r* this time (see (I6.20p ). 
This map descends to a well-defined map: 



Let Up C M.s P {P) and Up C Ais B (B) be proper open subsets such that 
^s P (Up) = Up. From the discussion in Section [6.1.31 we have a gluing map, 



M Sp (P) = M b Sp (P) I Aut£ 




t^Sp ■ £s P ->• C-S B , (u,j,p) h-> (vr 5p (u,j),/) s ) 




B 

'red' 




and a gluing map Gl b SB above Up defined similarly. We prove the following gener- 
alization of Theorem 16. 7t 
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Theorem 6.16. The gluing maps Gl b Sp and Gl b Sp are locally diffeomorphic and such 
that 

(6.37) WoGl b Sp =Gl b SB oTj;. 

Proof: The diffeomorphic issue follows directly from Theorem 16. 71 The compatibil- 
ity (|6.37p is obtained as follows. Let A4 b S u (B) denote the image of Mg (P) under 
7r: (u, j) i — y (tt(u), j). Note that the parametrization of the domain tt(u) comes from 
the parametrization of the domain of u, which is fixed up to an S^-action. Now, 
let Cgu denote the pull-back of £$u under the forgetting-the-map map. Then, by 

assumption (|6.2p . we can construct a gluing map Gl S u with value in A4qj(B, Jb), 

and domain a neighbourhood of the zero section in Cgu restricted to ir(Up). This 

map is equivariant with respect to the balanced maps automorphisms, but since S"^ 

—b 

is not stable, it is not locally diffeomorphic nor injective. Nevertheless, Gl S u still 
verifies the compatibility: 

7r o Gl Sp = Gl S u on. 

Again, the problem is localized in the contracted branches and the connecting 
branches. 

Contracted branch . Set (ub, Jb) '■= 7r 5 P (w, j). As in Theorem (|6.7p . for every p the 
glued surface j p is isomorphic to ]b, i-e to the domain of the -zivstable component. 

Therefore, ub and Gl Sp (u,j, p) have the same domain. Fix po with small radius. 
We show that 

GI S u(tt(u),j,p ) = (u b ,Jb). 

By definition, the pregluing of (tt(u), j, po) coincides with tt(u) except on disc with 
radius determined by po on which 

■k{u) P{) { z ) = PE^B( 7r (u),j,po)(z) = ex P7r(poo) (^/3(z//> ( l ) /4 )exp- ( 1 poo) (7r(no(2))) , 

Poa being the image under u of the point of the root identified to oo. Set 

€ ■■= exp- 1 poo) (vr(no(z))) and f3 PQ := f5(z/ p^). 

Then, Gl s «(jr(u) J, p ) coincides with u B = exp^^ ((1 - P po )Q. 

Connecting branch. As in Theorem (|6.7p . we can assume the contracting branch 
is a connecting chain. By adding /c-marked point, one for each component of the 
connecting branch, tt(u) becomes stable. Let j' denote the conformal structure 
resulting from this operation. Let Ai^u^iB) denote the stabilization by adding 
/c-marked points. We have a gluing map 

By definition of the gluing, and since the components of ir(u) coming from the 
connecting branch are constant, the maps 

G h* (fc) ,jt,p) and Gl b S u(ir(u),j,p) 

coincide for every p, and any choice of balanced parametrization on the domain X 
of j (here the Aut(j)-equivariance of Gls u is needed). Note that j p is obtained from 
j' by forgetting the added marked points. We compare the gluing of (tt(u),j') with 
that of (ub,Jb) '■= ^s P (u,j). Note that (ub,Jb) is the image of (7r(n),j') via the 
map that forgets the added marked points and stabilizes. The fiber over (ub,Jb) 
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corresponds to the set of all possible reparametrizations for j', since up and ir(u) 
have same image. Thus, it suffices to identify the gluings of the corresponding 
domains but this gollows fromTheorem (|6.7p . Finally, 

noGl Sp (u,j,p) = Gl s %(n(u),j,p) 

= G l s%(k)(n(u),y,p) = Gls B (u B ,jB,P st ) 

= GI Sb oWs^(u,j,p). 

□ 

From now on, we will always assume that gluing maps are obtained by considering 
balanced maps, and we will drop the b indices from the notations for the gluing maps. 

6.2.5. Gluing maps between stratas. One can generalize the preceding discussions 
and introduce gluing maps between different stable strata. Let Sx and S' x be 
stable stratum data for Ai Q l [X, A), such that Sx ~< S' x . Let S and S' denote their 
projections under Fx-, and consider the bundles Cs,S' an d £-s x ,S' := F x Cs,s'- F° r 
an open proper subset Ux of -Ms x C^O there exists a positive constant ex and locally 
diffeomorphic map: 

Gh x ,s' x ^ C*s X! s' X! e x ,u x ^ M S > X (X), 

which coincides with the identity on the zero section. Also, from the definition of 
Cs x ,S' x -> a point of Cs x is locally given by a tuple (u, j, p±, P2) where € 
£-s x ,S' x an d where P2 accounts for the remaining gluing parameters. Therefore, 
Gls Xj s' induces a map 

£s x -> £s' x > (u,j,Pi,P2) ^ (Gl Sx>s , x (u,},pi),p 2 ) 
It follows that Cs x coincides with the pullbacks Gl* Sx s , Cs> x ■ Suppose now we have 
a third stratum data S x such that S' x -< S x . Since Glg x gi is locally diffeomorphic, 
we can define a new gluing map: 

Gl 's' x ,s' x Gl s x ,s' x Gl s x ,s' x : c *s' x ,s' x ,e x M(Gi SxiS , x ) -> M s , x (X), 

extending the identity map on the zero section. This new gluing does not necessar- 
ily coincide with Gl$i . The equality would mean that the gluing procedure is 
associative, which is a priori not true due to the numerous choices made along the 
gluing construction (in particular the independance with respect to the choice of 
right inverses). Nevertheless we can see that these maps are close, in the C°° sense, 
which is enough to give the moduli spaces the structure of smooth orbifolds, as we 
will see in the next Section. 

Now consider the Hamiltonian Fibration case tt : P —> B. Let Sp and S' P be 
stable stratum data for Mo t i(P,a) such that Sp -< S' P , and let 5# and S' B be 
their corresponding projections via SV,- We see that Sp ~< S' B . By the discussion 
above, for Up and Up be proper open subsets of Ais P (P) and M. Sb (B) such that 
TTs P (Up) = Up we do have gluing maps Gls B ,s' B an d Gls p% s' P such that: 

GI Sb ,S' b ks p \ c =^s' P °Gl SpiS ' p - 

Suppose now we have a third stratum data S p projecting on S p and such that 
Sp -< S p . Then we also have the commutativity: 



A PRODUCT FORMULA FOR GROMOV-WITTEN INVARIANTS. 



51 



6.3. Fibration of moduli spaces. In this section we prove that a Hamiltonian Fi- 
bration structure induces a fibration structure between the appropriate compactified 
moduli spaces: 

Theorem 6.17. Under hypothesis (|6.2p . the moduli spaces Aio,i(P, cr) and Aio,i(B ,o~b) 
are smooth orbifolds, and the maps T$ p extend to a map 

W : M ,i(P, a) -»• M ,i(B, a B ), 

which restricts to a smooth locally trivial fibration ( of orbifolds ) above each strata of 
M ,i(B,a B ). 

Regarding the fibration structure, it suffices to show this above a proper open 
subset Ub- But each Ws P is a smooth submersion. Moreover, the fibers of W are 
compact, hence W is proper which ends the proof of the fibration statement. 

Following [2], we show below how the compactified moduli spaces can be given 
the structure of smooth orbifolds compatibly with the Jfs P ■ 

6.3.1. Charts data and admissible gluing maps. Consider a Fredholm system (B, £ , s) 
with moduli space Ai = s _1 (0), modeled on maps. Assume that the linearization 
L xo at xq G Ai is surjective. Then, a standard construction gives a local coordinate 
chart around xq. Such a chart is given by a triple (U, <fi, f) where: 

(i) U is a submanifold of a neighbourhood V xo of zero in T X0 B (which we identify 
to a neighbourhood V XQ of xq in B via the exponential map); 

(ii) 4> '■ U x B$ — > V XQ is a diffeomorphism where B$ C £ xo is an open ball, V XQ is a 
neighbourhood of in V XQ ; 

(iii) / is a smooth section f : U —> B$; 

with the property that 



*:U^UxB s ^V> , 

is a diffeomorphism from U onto V' Pi Ai. Here xq serves as a reference point. 
More generally, fix xo G £>, which may not belong to Ai, and let V Xo C B be a 
neighbourhood of xo- 

Definition 6.1. A triple (U,cf), ^>), or (U,4>,f), verifying conditions i), ii) and iii) 
above is a called chart data for Ai . 

Remark 6.18. It follows immediately from the definition, that the triples (Up, f p , Gls P ) 
and (Ub, f ,Gls B ) give charts datas for Aioj(P) and Aio,i(B). Moreover, these are 
compatible with W. 



In fact, one can construct chart data for Ais p (P) from pairs, Qp := (Up,Q 
where Up is a smooth submanifold of Bg^, and where 

Q P := {Q P \u G Up} 

is a smooth f/p-family of right inverses for D p . In order to do so, we assume the 
following conditions (that we actually met when constructing the gluing maps): 

Assumption 6.19. • for every u G Up, 

\\<Iu\\lp < Cp and \\dj p u\\LP < ep, 

• for all £ G T u Up, 

\\-j7dj p u\\ LP < e P \\£\\ w i, P , 
d£ 
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• the family Q p is Lipschitz continuous for the constant Cp and for all u £ Up: 

\\Qu\\<Cp, 

the constants Cp and ep being such that Cpep « 1, with ep small. 

The chart data is then given as follows. Fix uq £ Up, and let W be a neighbour- 
hood of in T Uo B l g\ Denote by Up, the lift (around no) of Up in W via exp"^. 
Then set 

0p -Up x s Puo (s P ) x p % o , (£, V ) m> £ + <7/. 

From the assumptions above, there is a unique smooth map f p : Up — > B$, around 
uq, such that 

d Jp exp U0 0p(£,/ p (e)) = O. 

By reducing 5 and the neighbourhoods involved, we further have that <j)p is diffeo- 
morphic, hence (Up, 4>p, f p ) is a chart data for •Msp(P). 

Remark 6.20. Regarding compatibility of the coordinate charts one needs to be 
carefull, as pointed out in [21] Section 3. In fact, the C°° compatibility is ensured if 
we restrict our attention to smooth stable maps, which is sufficient to study pseudo- 
holomorphic stable maps (by elliptic regularity). 

From the data Qp, we can furthermore define another type of gluing map. We 
explain this. Suppose that (Up,4>p, f p ) is a chart data for a proper subset Up of 
Ais P {P), i-e Up is the image of the diffeomorphism: typ := 0p o (1 x f' p ). By 
further reducing Up if necessary, we can find a pair as above 

Q>P = (Up:=pgl(* P 1 (U P )),Q') 

where Q' is a family of right inverses for the elements in U' p , which is constructed 
from the original family of right inverses Q p , giving a gluing map defined by the 
composition: 

GlQ P : C* Sp \ Up — ► * P C Sp \ Up A M Q>l (P,a). 

Following [2j, we say that GIq p is admissible. Moreover, if Up C Jv[g p (P), we say 
that GIq p is of type-1, otherwise we say that it is of type-2. In particular, the gluing 
map Gls P constructed directly from Up is admissible and of type-1. 

Using gluing maps we introduce a topology basis on Mq i(P, a) as follows: an 
open neighbourhood of (u,j) £ Moj(P,a) will be the image of some gluing map 
Glsp previously constructed. Hence, a neighbourhood is given by charts data of the 
type (£sp,ep,Up,Gls P )- 

A standard argument shows that these charts are C° compatible [2], [T7]. This 
can be proved by comparing any admissible gluing map GIq p arising from a chart 
data Qp for a proper subset Up C Ms P (P), with the type-1 gluing map Gls P on 
Up. Concretely one shows that for small enough p, the map (Gls P ) ■ GIq p is close 
to the identity map, hence continuous. Thus, the moduli space M. i(P,a) has the 
structure of an orbifold in the topology given by the gluing maps. 

The smooth orbifold structure is given by the two lemmas in the next subsection. 
In these two lemmas we prove more. Namely, we construct smooth atlases on both 
M.Q : i(P,a) and M. qi (B,ob) compatibly with W. 
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6.3.2. Structure of orbi-bundle. Consider now the fibration context. We begin by 
the following observation. Let Qp := (Up,Q p ) projecting onto Qb '■= {Up,Q B ) in 
the sense that Ws P (Up) = Up and Q p is of the matrix form 16.261 Also, suppose 
that both pairs satisfy the assumption (|6,19p . and that they generate charts datas, 
(Up,(j)p, f p ) and (Ub,(^b, f B ), for some proper open subsets, Up C Ais p (P) and 
Up C Ais B (B) such that Tfs P (Up) = Ub- Then, repeating the arguments in the 
gluing map section, we obtain that 

vfo Gl Qp = GI Qb OTf Sp . 

This implies that the orbifold structures on the compactified moduli spaces are 
defined compatibly with W which is continuous, open, and surjective, in the topology 
of the gluing maps. We now construct smooth atlases on both Mo,i(P, o*) and 
Aio,i(B, ub) compatibly with W. In order to do so we introduce stratum-coverings. 

Definition 6.2. A strata- covering of M.o,i{P, o~) consists in pairs (Up,es P ) for each 
stratum data Sp, such that: 

• Up is a proper open subset of M.$ P (P), 

• there exists a well-defined gluing map Gls P with domain Cs P .e s ,u P > 

• letting Ws P be the image Gls P (£-s P ,e S ,u P )> we have that for any two (effective) 
stratum datas Sp and S' P : 

W Sp n^^l iff S P ~< S' P , orS' P ~< Sp, 

• the family {W$ p } a,j P yields an open covering of M.o,i(P, o) . 

Lemma 6.21. There exists strata-coverings (Up,es P ) and (Ub,£s b ) f or M-ojiP, cr) 
and Mq : i(B,ctb)> such that W s P (Up) = Ub- 

Proof: The proof is an induction on the stratum datas in T> B := T>q 1 ,Jb and 
T> p := Dq'^ p . Let Sb,o be the set of lowest strata in T> B . For Sb in Sb,o set 
Ub = A4s B (B). Since Sb is minimal Ub is compact and there exists es B and a 
gluing map Gls B defined on the restriction of C* Sg es to Ub- Furthermore, the 
minimal strata are isolated and for each Sb £ 5b, o we can choose a small enough es 
so that the resulting gluing neighbourhoods never intersect. Now let <Sp,o,o,s s De the 
set of lowest strata in V p n S~^(Sb), where Sb is minimal. For any Sp 6 5^0,0,5^ 
set Up = Msp(P)- Argumenting as above, there is e,s p and Gls P , with domain 
C* Sp es Up , such that W o Gls P = Gls B ° t^s p ■ Once again, we can choose the es P 
such that Ws P H W$' = 0, for any two strata in 5p 5 o,o,5 s - 

Define inductively Ss,k as being the set of minimal strata in V b \Sb,Ic-i, and 
Sp,k,m k as being the set of minimal strata in V p n 5~ t 1 (5p ! fc)\5p i fc, mfc -i- Suppose 
that each pairs (Ub,£s b ) an d (Up,es p ), for Sb G Sb,u and Sp G Sp >n>mn with 
n < k — 1 and m n < — 1, have been chosen so that the induction holds. Set 

W S B ,S' B ■= G l s B ,S' B {£s B ,S' B ,e SB v B )- 

Then, for S' B G Ss,k we can choose a proper open subset U' B such that {Ws B: s' B \$B ~< 
S' B } U U' B , is a covering for J\Ag' B (B). Furthermore, there is €§/ and a gluing map 

Gl s' B :C* s , B ^ vlB ^Mo,i(B,a B ), 

and we can make sure that for all S' B G Ss,k and Sb G Ui=o^S,i' * ne intersection 
Wg/ C\Ws B is empty unless Sb -< S' B (by choosing smaller e 5 / and es B if necessary). 
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Since the gluings commute with the projection, it suffices to fix Sb £ Sb ki and 
to apply the arguments given for k = to the elements of 5p,fc,m fe ,5 B := <Sp,k,m k H 
S'HSb). Set 

w s P ,s'p '■= Gl S p,s' p {^Sp,s' p ,e Sp ,u P )i 
where S' P projects onto Sb- Note that Wg p g' also projects onto W n rs B ),^(S' )• We 
can choose Ugi such that {W SpSp \Sp -< S' p } U U' p , covers M. s i (P), and for a well 
chosen we have a map which image does not intersect the neighbourhoods 
obtained so far unless it comes from a stratum Sp such that Sp -< S' P . □ 

A strata-covering gives an atlas. If the transition functions were to be smooth we 
would directly have a smooth orbifold structure on the considered moduli spaces. 
However, this may be hard to show and even not true in full generality. Instead, 
we show (cf [2]) that for each stratum data there are charts Gls B such that the 
composition Gls B ° Gig* s , is smooth for every S' B -< Sb, which provides, not 
canonically, a smooth atlas. 

Lemma 6.22. There are strata- coverings (Up, e$ p ) and (Up,es B ), an d gluing maps, 
Gls P and Glg B , compatible with Wg p , such that for every stratum datas Sp and Sp, 
the maps Gls P and Gls B coincide with any other gluing maps 

Gl' So = Gl s > o Glz} „ and Gl' Sa = Gl s > o Gl~} - , 

op °p S p ,Sp £>b s B o b ,Sb' 

where S' p -< Sp and S' B -< Sb ■ 

Proof: The proof is again by induction. Let Ss,k and Sp t k,m k as in lemma I6.21L 
We see that the result holds for Sb,o and 5p,o,o- Suppose it is true for all Sp £ Ss,n 
and Sp S 5p,n,m„ such that n < k — 1 and m n < — 1. Let Sb £ Ss,k and set 
Ws B := Us' B <S B W S ' B ,s B - Let GI' Sb (S' b ) be the gluing map induced by S' B -< S B . 
Recall that this map is defined above W$> $ B . We must show that 

(6-38) GI' Sb {S' b ) = GI' Sb {S'{ 3 ), 

on W$' s B ^Ws B ,s B ■ But * n is latter intersection is non-empty if and only if S B -< S' B . 
But from the induction, Gl' s , (S B ) = Gl s > B on W s » } s> B D U' B . Thus 

GI' Sb {S'b) = GI s > b oGI-} Sb 



Gig" ° Gl c ,j c , o Gl s" s' Gl c „ c 

°S O b ,O b a B' a B £> B ,£> B 

GIqi O Gls" S' ° Glen c 1 



giving (|6.38p . As a result, we obtain a gluing map Gi^ defined on Ws B - Now, 
given a gluing map G/5 on Up, we derive a third map Gls B , which is obtained 
as an interpolation between GI' Sb and Glg B using a cut-off function. This ends the 
induction for Mq^(B, as)- 

We explain in details how to interpolate GI' Sb and Gig . By definition GI' Sb (S' b ) 
is of type-2 with domain: 

W S' B ,S B = Gl S ' B ,S B {^S' B ,S B ,e s , B ,U' B ) = W S' B ,S B (*S' B )- 

For Gls> B ,s B admissible, the associated chart data is a triple (V := pg[(Cs' B ,s B ,e s , )> 4>, F) 
where: 

F : V -> M Sb {B), {u B ,p,j P ) 1— > exp Us p Qu B p fs B ( u B,j,p)- 
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Consider a function 

, \ f si \p\ < 0.5e 5 / 
^■r B {s' B ),T B (s B ),es' B ~^ ' KJ,^^ si | p |> 0.754. 

We now "glue" the domains of the chart datas for Gig and Gig (S' B ), i.e we glue 
Ub and V. The new domain 

V' := Im (exp UBp (v(\, p)Q B B Js B (u B , j, p)jj , 

coincides with V for |/)| < 0.5e 5 ^, and with Ugi when \p\ > 0.75e 5 ^. We can make 
sure that the pair, 

(V'AQu B \ u B G V"}), satisfies hypothesis (I6U9D since V is a 
uniform deformation between V and Ub [y does not depend on u B )- Denote by 
Gls B the gluing map arising from the pair (V' ,{Qf B \u B 6 V"'}). Then, GZsg coin- 
cides with GI' Sb {S' b ) on V n V = Ws> Bi s B (p.5e s >J), and with Gl' Sg on 17b n F'. In 
particular, this map extends to UsXWgi $ B (egi ). Regarding M. o ; i (P, cr) we proceed 
similarly. Fixing S B G <Sb,A:> and applying the same arguments as above to the 
elements Sp £ Sp,k,m k ,s B > ends the proof. □ 



6.4. The product formula revisited. In what follows, we will assume hypothesis 
(|6.2p is verified for a given fibered structure Jp = (J B , J, H) and classes a, ap 7^ 
such that TT*cr = as- Hence, W is fibration when restricted to the top stratum of 
A4q : i(B, a B )- In addition, the lower strata in M.q i{B, as) and M.qj{P,(t) are of 
codimension at least two. The same applies for the lower strata in 7f _1 (uB,x), for 
every (u B ,x) G M ,i(B, a B ). 

Proposition 6.23. Under the assumptions above the product formula is obtained 
using integration over the fibers ofW. 

Proof: Set 

•K, :=M* %P,a) and M B L := M* 0jl (B,a B ), 
and consider the evaluation maps, 

ev P ■ Mo,i -»■ T 5 ' , ev B : AfJ, -> , ev (tifljX) : r -1 ^,*) -> 

where («b,x) G -Mjfz- These are smooth with respect to the gluing topology. 

Now, let cf , and cf (i = 1, m) be classes as in condition (ggj) . We can repre- 
sent these classes by submanifolds after multiplying them by well chosen integers, if 
necessary. Now represent the Poincare duals of cf , cf and cf , by differential forms, 
of , af , and af , compactly supported in a small enough tubular neighbourhoods 
around the submanifolds. Then the pull-backs of these forms along ev p , ev B or 
ev (u B ,x.)i are also compactly supported. By definition, 

af = 7r*(af), i = m + 1, I. 

Moreover, since cf = pt: 

af = vol(B), i = l,...,m. 

If M{ denotes a tubular neighbourhood around the fiber above cf = pt, for i = 
l,...,m, and if pi : Mi — > F is a deformation retract associated to this normal 
neighbourhood, we obtain that: 

(6.39) af = ir*af A p*af = tt*vo1(B) A p*af. 
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Here we have to make sure that the support of tt*vo1(B) does not strictly contain 
the support of p*af, but this can be realized by decreasing the support of vol(-B) if 
necessary. By definition, (see [20] ) we have that: 



(cf , cf )q j 



where 7r* stands for integration along the fibers. Using (|6.39p . the equation above 
then equals: 



7r*{ev p y 

MS, 



' k I \ 

f\(n*af Ap*«f))A /\ n*af . 

vi=l i=k+l / 



i=k+l 

Let evf be the projection of ev p on the i th component of P l and define evf and 
ev (u B ,x.),i similarly. For % = 1, Z, we have 7r o evf = evf o 7f so that: 

r / 1 k \ 



(2 fc 
f\7r*(ev*ya?A/\(evfyp*af 
i=i i=i / 

where a = ^i=fc+i degaf J2i=i degaf is odd (by a simple dimension argument). 
Furthermore, since 7r*(a A TT*b) = (ir^a) A b, for any form a and 5 we finally have: 



V 

where the term involving integration over the fibers of tt must be a function ^ on 
given by (cf ACT) ): 



\i=l i=fc+l / 



•/7T 1 (« S ,X) 

where n a is given in (|5.4p . Hence, ^ does not depend on (mb, x) and we can withdraw 
it from the integral. This ends the proof. □ 

6.5. An example of non-triviality of the induced fibration. Consider the 
Hamiltonian fibration tt : P — > CP 2 with fiber (F := CP ,(jpg), where P is the 
projectivization of the rank 2 holomorphic vector bundle, 

vr : V := C cp2 (l) ©C -»• CP 2 . 

Let Jo be the standard complex structure on CP 2 which is compatible with uips- Let 
Jp be the integrable structure on P induced by Jo, the structure of complex fibration 
on V and the holomorphic hermitian connection on V (inducing the coupling form 
here.). 

Let h G H 2 (P, Z) denote the pull-back under tt of the positive generator in 
JT 2 (CP 2 ,Z), Poincare dual to the class L G 7J 2 (CP 2 ,Z) of a line in CP 2 . Let also 
£ G H 2 (P; Z) be the first Chern class of the dual of the tautological bundle over P. 
It is standard that: 

H [F ^> - {^ = 0, e 2 + ^ = o}- 

Then, H2(P; Z) is generated by the duals of the classes h 2 and h£. Let Lq G H2(P, Z) 
denote the Poincare dual of h 2 + h£. If 7r* represents integration along the fibers of 
7r, then = 
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The map ir induces the projection 

W : M(P, Lq, J P ) -> !M(CP 2 , L, Jo) (CP 2 )*. 

The source moduli space is made of two strata: Sq the top stratum of simple maps, 
and S\ the stratum consisting of stable maps having two components, one being 
a 7r*-stable component representing the class of the exceptional divisor, PD(h£), 
and the other being a 7r*-unstable component representing the class PD(h 2 ) = [F]. 
Observe that the second stratum contains only irreducible elements. 

Lemma 6.24. The fibered complex structure Jp is regular and parametric for the 
class Lq. 

Proof: First, since L is Jo-indecomposable, Jo belongs to J% Tr (V). Consider u G So. 
From the exact sequence (|3.4j) . we only have to verify that coker D v u = 0, but 

coker D v u = H°< l (S 2 ,u*TP v ) = H * 1 ^ 2 , cp2 (1)) H (S 2 ,O(-3)) = 0. 

Now consider (ui,U2, 2/12, 2/21 ) £ <->i, where u% denotes the ^-stable component, and 
U2 denotes the 7r*-unstable component. Again, we have to check that coker and 
coker D V U2 vanish. Moreover, we have to show that for every line I G (CP 2 )* the 
edge evaluation map 

ev : tT X {£) n<Si ->■ 7T _1 (6) X 7T _1 (6), (U1,U2) 1/12, 2/21 ) H> (ui (2/12), Ui (2/21)), 

is transverse to the diagonal A^-i^), where 6 := n(b) and 6 denotes the unique in- 
tersection point between u\ and ui- Again, for every holomorphic map representing 
[F], coker D^ 2 can be identified to H°' l (S 2 , TCP 1 ) which vanishes, and similarly, 

coker D V U1 = H°' 1 (S 2 ,u* 1 TP v ) = H°'\S 2 , 0{-l)) = 0. 

Finally, transversality of ev follows since for every Xq 6 Tr7r _1 (6) there exists a 
holomorphic vector field on CP 1 = 7r _1 (6) with value Xq at b. □ 

Let CP denote the blow-up of CP Z at one point. Then the restriction PL of P to 

a line I in CP 2 is identified to CP 2 . The fibers of vf are then given by AT(CP 2 , L , J) 
where J is the complex structure associated to the Hirzebruch surface P(O cp i(1) © 
C), and Lq is the class represented by the zero section. Furthermore, 

A4*(CP 2 , L , J) = i7°(CP\ CP i(l)) = C(u,v) , 
where [u : v] stands for the homogeneous coordinates on CP 1 . The Gromov closure 

~2 r, 

then corresponds to adding the line at infinity so that (CP ,Lq,J) = CP . 

Next, we show that 7f is non-trivial, more precisely that it is a CP 2 -fibration 
obtained as the projectivization of a non-trivial rank two holomorphic bundle over 
(CP 2 )*. Consider the incidence variety: 

W := {{p,£) 6 CP 2 x (CP 2 )* \ pe£} , 

and let wi, tt2 denote the projections on the first and second factors. Note that 
(W, 1^2) is the projectivization of 0^ C¥ 2y (—1) © C. Consider the direct image sheave 

over (CP 2 )*, 

1Z := 7T2 t 7T*C' C p2(l). 

which germ at i G (CP 2 )* is given by 
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Hence K = S . Let V be a line in (CP 2 )*. Then tt^P) can be identified to CP , 
where the blown-up point is given by the intersection of all the lines generated by 
V. In fact, 

_ x D + x CP 1 U D~ x CP 1 

^ ( >- (\,[u:v])~(\-\[\u:v}), \ J0> 

where D + and D~ respectively denote the complements of [0 : 1] and [1 : 0] in CP 1 . 
Hence, the restriction of 1Z to V is the direct sum of C CP i(— 1) with C, so that it is 
non-trivial. 

As an example, we compute 

(pt,Pt)o, 2 ,L - 

Since the homology of the fiber injects in the homology of the total space, the 
product formula simplifies to give: 

(pt,Pt)o, 2 ,L = (pt,Pt)o%L • (pt,Pt)w, B 

where C is the image of a holomorphic map in CP 2 representing a line passing 
through two points, and B is the Poincare dual of the restriction of h 2 + h£ to Pc- 
This latter class corresponds to the sum of the fiber and the exceptional divisor in 
the blow up. It follows that both members of the above product give 1, hence 

(pt,pt)o,2,L = 1- 
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